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^ . Abstract: We consider the one- loop five-graviton amplitude in type II string theory 

calculated in the light-cone gauge. Although it is not possible explicitly to evaluate the 
.^ , integrals over the positions of the vertex operators, a low-energy expansion can be obtained, 

CN \ which can then be used to infer terms in the low-energy effective action. After subtracting 

t^^ ' diagrams due to known D^^R^ terms, we show the absence of one-loop R^ and D^R? terms 

QQ ' and determine the exact structure of the one-loop D^R^ terms where, interestingly, the 

^D ' coefficient in front of the W^R^ terms is identical to the coefficient in front of the D^R'^ 

term. Finally, we show that, up to D^R"^ ~ D^R^, the eio terms package together with the 
^ . ts terms in the usual combination (tgtg ± gCioei 



^w) 
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1. Introduction 

At low energies, the way in which string theory differs from conventional field theory is best 
encoded by the low-energy effective action which, beyond lowest order, gives important 
stringy corrections to supergravity. These corrections are relevant for a whole host of 
physics. They modify Calabi-Yau compactifications to four dimensions by, for example, 
correcting the metric for the universal hypermultiplet |j^, |2[. They are also important for 
testing AdS/CFT beyond leading order, where they give rise to 1/A^ and 1/A effects in 
the field theory ||3|, Q. Further, if string theory is to provide the microscopic description of 
black holes and black branes then higher order corrections must play a crucial role fB], ^, Q • 
Stringy corrections are also relevant for understanding the dualities between string theories 
and eleven-dimensional supergravity |^, y, and perhaps even for understanding M-theory. 
The meaning of the effective action in string theory is often not well explained. It bears 
similarities to both the Wilsonian and IPI actions, but is identical to neither. The classical 
string field theory action is a functional of both massless and massive fields, S{(j)o, (j)h)- For 
low-energy physics only the massless modes are explicitly relevant and so it makes sense 
to perform the path integral over the massive modes, 

iS'cff(</>o) _ / T) J,, JS(<t>o,4'h) 



g*^cffl<?>oj = / p^^e'^^'^0''^''^ (1.1) 

This differs from the usual Wilsonian effective action since the path integral over mass- 
less modes with high-momentum has not been performed. If amplitudes are calculated 
from Ses{4'o) it is still necessary to consider loops of massless particles. Generically such 
an action will be non-local and its utility derives from a low-energy expansion, which is 
equivalent to a derivative expansion. 

Ideally we would be able to quantize S{4>o,(l)h) and find its corresponding IPI action, 
r[(/)ci]^. This would be some functional of all possible fields in string theory, including 
massive fields and D-brane fields.^ Even in the absence of this, we can still construct the 
one-particle irreducible action for Sefii4'o)i which we call <S'eff,ipi((/>o). This is presumably 
equivalent to r[(/)ci] with the massive fields set to zero. The full string field theory IPI 
action r[(^ci] could in principle be used to find correlation functions about any background 
of string theory. Since SeS,iPi{4>Q) only involves fields which are massless in Minkowski 



^This assumes r[(/>ci] exists. See [|10| for objections to this view. 

^Of course separating massless and massive fields is ill-defined since certain massive fields become mass- 
less at special points in moduli space. 



space, it is unclear whether it can be used in this way. However, it may well still give 
amplitudes around backgrounds which share the same massless spectrum as Minkowski 
space. For example, it is often believed that Ses^ipiifpo) expanded in small fluctuations 
around AdS^ x S^ gives correct AdS^ x S^ amplitudes for massless states. However, it is 
not known whether correct results would be obtained about backgrounds containing other 
massless fields, such as various conifolds where D-branes become massless by wrapping 
vanishing cycles. 

Amplitudes derived from S'eff,ipi((/'o) should only include tree diagrams. In this sense 
5'eff,iPi(';^o) resembles the usual IPX action. However, since massive fields are ignored and 
since its status about backgrounds other than Minkowski is unclear, it is perhaps not the 
full quantum effective action. The term effective action in this paper, and in most of the 
string theory literature, refers to 5'eff,ipi(</'o)i which we define as the action whose tree 
diagrams generate string theory amplitudes in Minkowski space at all orders in the string 
coupling^. However, it should be noted that non-local terms due to thresholds will not 
be calculated. In principle, this implies no loss of information since such terms can be 
reinstated using unitarity and the tree-level effective action, but without them the effective 
action cannot really be claimed to be the full IPI action. 

There are at least three common ways to determine the effective action. Firstly, one can 
calculate the world-sheet /?- functions. Since scale invariance at the quantum level requires 
all /5-functions to vanish, these lead to equations of motion and an action for the background 
fields. Secondly, one can try to use various symmetries, for example supersymmetry or 
5L(2,Z) invariance, to extend known terms to more complete expressions. Finally, one 
can directly calculate string scattering amplitudes and deduce the on-shell effective action 
which reproduces them. It is this last method which is used here. 

We calculate amplitudes using the light-cone gauge Green-Schwarz formalism. The 
greatest problem with this formalism is that a convenient representation for the vertex 
operators is only available when all external states satisfy k^ = 0. As a consequence, not 
all terms in the amplitude, and so in the effective action, can be discovered. For example, 
this formalism cannot be used to determine whether the effective action contains the term 

ai -ag mbi--b<) jj p r> P f? "^ (^ 9^ 

tlOm tlO ''^aia2bib2^^a3a4b[ib4''^a5aQbsb(i''^a7asbTe^^ag bgbg^ \^-^) 

with only one contraction between the eio tensors. Similarly, the B A tgR'^ term found in 



type HA |11| cannot be determined. The only terms that will be missed in this paper are 
those with a single eio tensor and those involving fewer than two contractions between a 
pair of eio tensors. Terms like the famous eioeio-R^, which has two contractions between 
the eio's, will still be visible. 

For both type II theories, the first correction to the Einstein-Hilbert term is the tree- 
level a'^R'^ term^ which is given in string frame by 

^'3 / ^10„ /~: „— 2</) j.aifei---a464 iCidi---C4d4 r> R R R (^ "i^ 

I tt xy yt.bg bg J^aibiCidi^^a2b2C2d2^^a3b3C3d3^^a4b4C4d4t \^'"-'J 



a 



This is largely a choice; there is no reason that we could not instead choose to determine Scft{4>o) 
^Powers of a' are relative to the Einstein-Hilbert term, which itself contains an a'"* factor. 



where tg is defined in the next section. There is a similar term at the next order in string 
couphng with e~'^'^ replaced by 1 and with a different coefficient. If terms involving eio 
tensors are also considered then (|1.3|) is extended by replacing tgtg by (ts^s i |eioeio)- 
These terms are supplemented by a whole host of terms involving fields other than the 
graviton, such as RJ^{DHf-'' |l2|, R^{DFf g and A^^ 0, where H and F are the 



NS ® NS and R® R three-form field strengths respectively and A is the dilatino. 

In the absence of an off-shell definition of string field theory, the effective action is only 
fixed up to field redefinitions. As a consequence, any terms which vanish when evaluated 
on the lower-order equations of motion can be removed. In particular, this implies that 
Ricci tensors and Ricci scalars can always be eliminated. So, at order a' for example, a 
field redefinition can be used to remove RabR and R? , leaving just RabcdR ■ The fact 
that the Riemann-squared term also vanishes in type II is a non-trivial consequence of 
this particular theory. Similarly, since the Riemann and Weyl tensors only differ by terms 
involving Rah and R, the tstgR'^ term can equivalently be rewritten as tgtsC^- 

At higher orders in a' far less is known. Certain D^^R terms have been found from 
the expansion of the four-graviton amplitude, for example a'^t^t^D R'^ and a'^t%t%D^R , 
but little is known about terms involving more Riemann tensors or other fields. At a'^ and 
beyond it is possible for R? and D^^R^ terms to appear. The purpose of this paper is to 
determine such terms at one- loop up to and including a'^D^R^ . To do so we calculate the 
five-graviton amplitude on a toroidal world-sheet and determine its expansion in powers of 
a' . Before new terms can be constructed, it is important to subtract contributions from 
known D^^R^ terms. After doing so, the remaining terms (if any) can be covariantised to 
give new R^ and D^^R^ terms. The plan of this paper is as follows. Section |2| reviews the 
case of four-gravitons - the amplitude, its expansion and the effective action - which leads 
to the well-known D^^R'^ terms. The calculation of the five-graviton amplitude is reviewed 
and simplified in section before determining its low-energy expansion in section B using 
an extension of the four-graviton techniques. Section |5| calculates all the relevant field 
theory diagrams arising from the known D^^R'^ terms. After subtracting these from the 
expanded amplitude, the presence of R^ and D^^R^ terms are determined. The extension 
of this analysis to include eioCio terms is contained in section |6|, where the equivalent of 
(^8^8 i |eioeio)-R'^ at higher orders in a' is studied. Appendix ^ contains various identities 
linking the three tensors, tio, iio and ig, which arise when calculating the amplitude. 
Throughout we will use a metric with signature {— ,-|-,-|-,-|-,...} and will often set 2a' = 1. 

2. The Effective Action from the Four-Graviton Amphtude 

Before we embark on studying the type II five-graviton amplitude, we review the equivalent 
results for the four-graviton amplitude. Let the four particles have polarisation tensors h^ ^ 
and momenta k^ , where r = 1, ... ,4 and a,b = 0,...,9. There are three Mandelstam 
variables defined by 



+ k2f, t = -{ki + k3)^ u=-{ki+ki)\ (2.1) 
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Figure 1: One of the fundamental domains of SL{2,Z). 



which are related hy s + t + u 

m 



0. The one-loop amplitude is well-known to be given by 



i4/i 



K 



T 



(Imr) 



r 



n^^^'-H^^^^)^ 






r<s 



where 



K = t 



a\h\---a4b^.c\d\---c^d^ r 1 



H 



f^ai '^ci "'bidi '^a2 '^C2 '''62^2 '^az'^c-^ '%d-i '^04 '^04 '''64^4 i 



(2.2) 



(2.3) 



and where we have set 2a' = 1. Here Vr are the positions of the four vertex operators on the 
world-sheet torus and are integrated over the rectangular region — 2 < Ret; < -^i ~2-'-™^ ^ 
Imw < glinr, which we denote by T. The variable r parameterizes the modulus of the 
torus and so should be integrated over a fundamental domain of 5L(2,Z); to facilitate the 
low-energy expansion, it is convenient to use the fundamental domain given in figure |l|, 
which we denote by !F. The function Xrs = x(^rs) t"), Vrs = fr — I's, is a non-singular doubly 
periodic function of v and v which is explicitly given by 

7r(Imw)^\ 6*1(1;, r) 



x{v,t) = 27rexp 



Imr 



n(0,r) 



(2.4) 



where 9i{v,t) is the usual Jacobi theta function given, for example, in [16|. 

The ig tensor is an eight-component tensor originating from the trace over eight 
fermionic zero modes and can be written explicitly as a sum of an eight-component eg 
tensor and sixty 5555 tensors [|lq]. 



t 



aibia2b2a3bsa4b4 



_l_ 1 aibia2b2a3b3a4b 
■aia2^bib2 



I((xaia2gbib2 _ ^aib2^a2bi\/^a3a4^b3b4 _ ra3b4 ra4fe3\ 

+ (1,2,3,4)^(1,3,2,4) 
+ (1,2,3,4)^(1,4,2,3)) 

_|_ 1/^0102^6163^6264^0304 _|_ ^0102^6164^6263^0304 _j_ ^Ol03^bi64^b2 63^0204 

+ 45 other terms determined by antisymmetry), (2-5) 

with the ± sign depending on the SO (8) chirality. It has symmetries not dissimilar to the 
Riemann tensor: it is antisymmetric under interchange of any pair of indices Ur with br, 



and is symmetric under interchanging the pair (ar,br) with the pair (0^,65). It is worth 
noting that tg is often defined without the eg tensor, especially in effective actions, and 
we will clarify this issue later. However, for the four-graviton amplitude this difference is 
unimportant since all terms involving an e vanish due to momentum conservation. 

As with all amplitudes, A^^ is not necessarily finite for all values of the external 
momenta. Poles occur when the momenta are such that an on-shell intermediate particle 
can be produced. On the world-sheet, this is interpreted as two states approaching each 
other and developing a long tube separating them from the other states. By expanding 
around Vrs = for some fixed r, s, and using x(^, t) ~ 2tt\v\ for small v, it is easy to show 
that the lightest pole goes like ^,^ ^ ^ ^-^d so is massive. The absence of massless poles 
is consistent with the vanishing of the one-loop amplitude for three gravitons. There are 
also threshold branch cuts when the external momenta are sufficiently large to produce two 
or more physical states which circulate around the loop. These originate from the region 
where the torus degenerates to a thin wire, i.e. Imr — > 00, which causes xi^, t) to diverge. 

However, it is not possible to see all these poles and thresholds from the integral 
representation of the amplitude given in ( |2.2[ ). In fact, the integral representation only 
converges at the single point s = t = u = 0. The resolution is to split the integration over 
the Vr into six regions depending on the ordering of the luiVr- For example, for the region 
< Im^i < Imt;2 < Irav^ < Imr, we eliminate t and consider the amplitude as a function 
of complex s and u. Then it can be shown that avoiding singularities when v^s — > requires 
s < 8, n < 8 and s + u > —8. Similarly, avoiding the singularity as Imr — > 00 requires 
s < and u < 0. So, taken together, this region of the amplitude only converges in the 
infinite strip s < 0, u < and s + u > —8. It is then possible to analytically continue 
this strip to the entire complex plane. The real physical amplitude should be understood 
as the sum of the continuation of all six regions. Only after continuing can the amplitude 
be shown to contain all the correct massive poles, massive double poles and thresholds 
required by unitarity [17, 18, 19|. 



2.1 Low-energy Expansion of the Amplitude 

Before determining the low-energy effective action, it is necessary to expand the amplitude 
in powers of a's, a't and a'u. In particular, we need to expand 



ij^ in^'^-Uixr.)i-'- p.e) 



Massive poles in A/j^h will not be visible at low energies, but threshold corrections will still 
be present as branch cuts. Due to the symmetry of I in s, t and u, the expansion will have 
the form, 

a' a'2 q'^ 

I = a+ — /nonan(s, t, u) + b-—{s^ + t^ + u^) + C—-{s^ + t^ + U^) + ■ ■ ■ , (2.7) 

4 lb 54 

where a, b and c are constants that we wish to determine, /nonan is the first non-analytic 
term due to thresholds and contains terms of the form sins. Using unitarity, it can be 
seen to arise from two four-graviton tree-level amplitudes connected by a pair of on-shell 



gravitons. The lack of other non-analytic terms before order a'^ is related to the fact that, 
for type II theories, the first correction to the effective action is at order a'^ relative to 
the Einstein-Hilbert term. There is no analytic term at order a' since s + t + u vanishes. 
Despite being symmetric in s, t, u, there is no need for an st + su + tu term at order 
a'^ since this is proportional to s'^ + t'^ + u'^. Similarly, at order a'^, the other possible 
symmetric expressions, i.e. st^ + su^ + . . . and stu, are both proportional to s^ + t^ + n^ . 
It is worth noting that this property does not continue indefinitely: eventually terms other 
than s" + i" + tt" will appear. Since s, t and u are not independent it is useful to eliminate 
u leaving, 

/ - /nonan = O + 6— (s^ + t^ + st) - C-—{sH + sf) + ■■■ . (2.8) 

8 64 

The constants a, b and c were first determined in [^0[, which we review here since similar 
techniques will be required to expand the five-graviton amplitude. By differentiating ( p.^ ) 
and taking the limit s,t ^ 0, we need to consider expressions such as 

28 



3(2a')3 s,t^o 



limdtdt{I-Inon.n), (2.9) 



where 



hmd^d^I = -T / J, ^ / n d'""- (lnxi2 + lnX34 - lnxi4 - lnX23)™ 

X (In xi3 + In X24 - In Xi4 - In X23)"- (2.10) 

The non-analytic parts originate from the region of moduli space where Imr -^ oo, inter- 
preted as the torus degenerating into a thin wire. To remove them, the r-integral over the 
fundamental domain is split into two parts: a part with Imr < L, for large L, which will 
contain the required constant term and an L-dependent term; and a part with Imr > L, 
which will contain the non-analytic piece and an L-dependent term. Since the overall in- 
tegral cannot depend on L, the L-dependent terms must cancel between the two regions. 
The constant piece can be found by restricting to the first region and ignoring L-dependent 
pieces. To perform the u^-integrals, it is convenient to represent In x as a Fourier series. 



lnx('f^,r) = -— V I ■ — r2exp 

(m,n)7^(0,0) ' ' 



, ^ Rer \ Imf 

zirim Rev — Imf — zmn 



Im T J Im r 



- lnV2^??(r) , (2.11) 

where r]{T) is the Dedekind eta-function. Since Inx always occurs in positive and negative 
pairs in ( |2.10| ), the zero mode part containing tj^t) cancels out and can be ignored. 

Since there are no non-analytic terms at lowest order, the calculation of a can be 
performed by integrating r over the entire fundamental domain, 

a= liml= fr^ [Ud\r= [7^,=-. (2.12) 



2.1.1 Calculation of b 

Setting 2a' = 1 and twice differentiating (|2.8| ) with respect to s, the coefficient b is given 

by 

\2 



I Qniris / n '^^^'' (^^ ^12 + In X34 - In Xi4 - In 



X23j 



(2.13) 



where |const refers to the constant (L-independent) piece of the restricted r-integral, i.e. 
the integral over only the Imr < L region. Expanding the brackets yields two type of 
terms: cross-terms and square-terms. After redefinitions of the Vr, the Uj.-integrals for all 
six of the cross-terms are equivalent to [f^cPv Inx) {Jt'^'v): which vanishes since the 
integral over a single lnx(w,r) is zero (recall that the zero mode part of Inx has been 
removed). The four square-terms are all equivalent to 

( / d^v{\nxf) ( [ (fv) = (Imr)2 f d\{lnxf. (2.14) 

The remaining integral over v is easily performed using ( |2.11| ), 

,9 „ ,9 Imr v-^ (Imr)^ 

, d\{lnxf = -^ J2 I J u ^ 2.15 

(m,n)^(0,0) ' ' 

which leaves b as an integral over r where, as discussed above, the non-analytic part can 
be removed by restricting the integral to the lower region of the fundamental domain, 

(m,n)7i(0,0) 

and ignoring the L-dependent pieces. Generically, modular integrals are difficult to evalu- 
ate. However, in this case, the sum can be identified as the Epstein zeta function Z2(r, f), 
obeying the equation Z2 = 2(lmT)'^drdfZ2, which makes the integrand a total derivative 
and reduces the calculation of 6^ to an integral over the boundary. Due to the identification 
under SL{2, Z), the fundamental domain in figure |l| should be thought of as roUed-up into 
a cigar, with the only boundary at Imr = L. Using that Z2(r, f) ~ 7r^(Imr)^/45 for large 
Imr, it is found that 

bL = '^L + 0{L-'). (2.17) 



The L-dependence must, as confirmed in |20|, cancel with the L-dependent piece from the 



region with Imr > L. Since there is no L-independent piece, we conclude that 6 = 0. 
2.1.2 Calculation of c 



From (2.9), the calculation of c reduces to 

^=0 7F \5 / TT^^^'-(^"^i2 + lnX34-lnxi4-lnX23) 

3y^(Imr)5yr;^ 



X (lnxi3 +lnX24 -lnxi4 -ffix23) • (2.18) 



After expanding the brackets, there are two types of potentially non-zero integrals: integrals 
involving In Xafe In Xbc In Xca and integrals involving {InXabY'i all other types vanish due to 
the vanishing of single lnxiv,T) integrals. The u-integrals in the first kind give 

(ImT)2 ^ (Imr)3 _ (Imrf 
i~3~ 2^ I \ — 16= i-3— ^3(T^,-r), (2.19) 

(m,n)7^(0,0) ' ' 

where Z^{T,f) is another non-holoniorphic Eisenstein series, satisfying a similar equation 
to Z2(r, f). Again the integral over r reduces to an integral over the boundary of the 
fundamental domain and, as with the evaluation of 6, this only contains an L-dependent 
piece, which makes no contribution to the constant c. The other type of t;-integral gives 

/ dv{\ux) =-^Y l^ I ^ 121.. , /121 ^^' (2-20) 

which must now be integrated over r. However, the right-hand-side is now not an Epstein 
zeta function and so the integral cannot obviously be evaluated by writing the integrand 



as a total derivative. Instead, [20| makes use of an 'unfolding procedure', which is not 
reviewed here, where Inx is represented as a Poincare series which converts the integral 
over the complex plane to an integral over the semi-infinite line. Again, it is found that 
the L-dependent piece cancels with the L-dependent piece from the same integral over the 
upper fundamental domain. However, there is now also an L-independent contribution, 
which leads to a non-zero value for c, 

c=:fc(2)C(3). (2.21) 

on 

Collecting the results for a, b and c, we can write the low-energy expansion of A^h up to 
order a'^ as 

K{I - /nonan) =k(1+ ^-^^^{s^ + t^ + U^) + 0{a'')] . (2.22) 



32-26 



2.2 The Effective Action 



Terms in the type II effective action can be deduced from the covariantisation of the 
expansion ( 2.22| ). The first such term occurs at order a'^ and is the one- loop partner of 



the tree- level result found in |21]. Combining the tree- level and one- loop results, it is given 
in string frame by 

a'^ fd'^xV^e-'^/^ (2C(3)e-3<^/2 + 27r • ^e^/^) 7^^ (2.23) 
where 7^ is shorthand for 

j.aibia2b2a3b3a4b4,cidiC2d2C3d.jCidi D p D D (n 9/|\ 

''g ''8 ^^aibicidi^^a2b2C2d2^^a3bsC3ds-'^a4b4C4d4i {■^•^^J 

and where the normalisation has been chosen so that the coefficients agree with those in 



1 22]. At the next order, the expansion vanishes by momentum conservation. However, this 



cannot be used to conclude that there is no one-loop tstsD^R'^ term since such a term 
would not contribute to the four-graviton amplitude. In the next chapter we will use the 
hve-graviton amplitude to demonstrate that such a term really is absent. At order a'^ the 
expansion again vanishes, but this time it does imply the absence of the one-loop W^R^ 
term, so that combining with the non-zero tree-level contribution gives 



a 



/5 



d'^Xy 



5e<^/2f2C(5)e-5<^/2^0-e- 



D^n\ 



Finally, at order a'^, the non-zero value for c leads to a new D^R'^ term. 



(2.25) 



(2.26) 



It is not possible using the four-graviton amplitude to determine exactly how the deriva- 
tives act on the Riemann tensors. For example, at order D^i?^, the difference between 
{DeDfR){D''DfR)R^ and {DeD''DfDfR^)R^ cannot be distinguished. The five-graviton 
amplitude will allow some of these issues to be resolved. 

2.2.1 Complete Coupling Dependence in IIB 

This summarises the known tree- level and one- loop results up to order a'^ , but it is interest- 
ing to ask about results at higher orders in the string coupling. Because of the complexity 
involved, there has been little progress in directly calculating higher-loop amplitudes, al- 
though some results have been found at two- loops (||2^, ^, 



26| , p7[|). However, using 



various other techniques, such as compactifications of IID supergravity, supersymmetry 
and S'L(2,Z) invariance, it is possible in IIB to find certain all-order expressions, even 
including non-perturbative effects. For example, it was shown in |28, 2£, ^, ^ that the 
complete TZ'^ action is given by 



a'^ j d'\./^ge-^'^Z,„{r,f)n\ 



(2.27) 



where Z3 /2 is a non-holomorphic Eisenstein series given by 

(Imr)3/2 



^3/2 r, 



T,T) 



E 



\mT + n\ 



(m,n)^(0,0) 

2C(3)e-3<^/2 ^ 27r2 ^^/2 

+ 4^^/i(A:)e-2-(l^l^-'-^^'°')A;V2(i 
fc^o 



+ 



levr 



(2.28) 



with ^ik) = X^dlfc d~'^- Here r, which should not be confused with the modular parameter 
in one- loop amplitudes, is the usual combination of the Ramond-Ramond scalar and the 
dilaton, r = C^^' + ie~'^ . The expansion shows that there are no perturbative contributions 
beyond tree-level and one-loop, but that there are an infinite sum of single D-instanton 
terms, which were first studied in [p^]. 
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Using the two-loop IID supergravity four-graviton amplitude, it was suggested in [31| 
that the equivalent result at order a'^ should be 

a'^ f d}'^x,/^e^/^Z5/2{T,f)D^n\ (2.29) 

with Z^/2{T,f) another non-holomorphic Eisenstein series given by 



(Imr)5/2 
IrriT + np 



(m,n)^(0,0) 

^^ ^ 45 

.2 



+ ^ E f^'{k)e-'''^\'\^-'-^'^''h-'/' (l + ^e<^ + ...), (2.30) 

where //'(A;) = X^^i^d"^- In addition to the tree and one-loop terms, there is now a 
prediction for a non-zero perturbative term at two-loops, which was confirmed by direct 



calculation in [32, 33, 34, 35|. There are no further perturbative corrections but, as with 
the 7^^ case, there is an infinite sum due to single D-instantons. 



a 



Finally, the D^TZ^ case was first studied in |22], where it was conjectured to be given 

by 

-'^ f d^^x,/^e^£ll{T,f)D^TZ\ (2.31) 

where 

^3,3 (r,f) = ACiSfe-"^ + 8C(2)C(3)e-^ + l^^e^ + 32C(2)C(4) ^3^ 

2 2 Q K)0 

+ V^(single D-insts -|- double D-insts). (2.32) 

The tree and one-loop coefficients again agree with the expansions of the equivalent ampli- 
tudes, and there are two- and three-loop predictions, neither of which has been confirmed 
by direct calculation. Non-perturbatively there are now infinite sums of both single D- 
instantons and pairs of D-instantons. 

3. The Five-Graviton Amplitude 

The light-cone gauge, GS formalism, five-graviton one-loop amplitude was first calculated 
in ^, ^. However, the intention was only to demonstrate modular invariance and there 
was no attempt to simplify the amplitude. Here we review the calculation and present 
simplifications necessary for extracting the effective action in subsequent chapters. 

3.1 Calculating the Amplitude 

Let the five gravitons have polarisation tensors h^ ^ and momenta k'^ , where now r = 
1, . . . , 5; since we are in light-cone gauge a and b range from 1 to 8. The graviton vertex 
operator is given by [38| 

Vh{k, z) = hacidX^iz) - R^\z)k^){dX\z) - R'"^{z)k'^)e'^-^^^\ (3.1) 
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where R°'''{z) = jS^{z)j%S^{z). X''{z), S'^(z) and S'^(z) are the bosonic and fermionic 
string coordinates. Motivated by the usual prescription for calculating GS amplitudes, 
explained in [16|, we consider 

A^h = j d\ j f[d^Vrjd''>pTr(Vh{h,pi)---Vh{h,P5)w'''w^'>), (3.2) 

where Vr = lnpr/2Tri, r = Inw/lni, w = ps, and the trace is over all a„, a„, 5„ and Sn 
modes. Here a„ and d„ are the left- and right-moving bosonic modes, and Sn and Sn are 
the left- and right-moving fermionic modes. Lq = |p^ + X]„>o('^-n'^n+""S'-n'S'n ) is the left- 
moving zeroth Virasoro generator; the right-moving equivalent, Lq, has a similar expression. 
The trace over S vanishes unless there are at least eight 5*0 zero modes (and similarly for 
S) and so there are only three types of term to consider: one term containing R^W , ten 
terms containing dXR'^W or R^dXR'^, and twenty-five terms containing dXR^dXW". 

3.1.1 The Term Containing R^R^ 

Since this term contains no dX or dX factors, the trace over the a and a modes and the 
p-integral give the same \f{w)\~^^ (iSTf) Y\r<s{^^'s)^ "^ '" factor found in the four-graviton 
amplitude, where f{w) = YY^=i{^ — w^) ■ The trace over the S modes involves five products 
of 

R'^'i^) = 4 (5o^ + E S:^^"')^fB{s^ + E^n ^") (3-3) 

and, since the trace over nine 5*0 modes vanishes, there are only two types of contributions: 
a term with ten Sq modes, and a term with eight 5*0 modes and two non-zero S modes. 
The trace over ten ^o modes leads to a ten- index tensor, 

iai6,...a,65^^^^^(^a,6i...^a565)^ (3.4) 



which can be written as a sum of forty tgS tensors, as given in ( [A.2| ). In the second case, 
the non-zero modes cannot come from the same R""^ tensor since their trace will lead to a 
vanishing 6 ^^ab factor, so we only need consider terms like 

4TTs,iR^,'''R^,'''R^,''''\S^rAt-AlcD) X Trs,(E^n^" E S^z'^w^^'^^-'r^^ 

(3.5) 
where 5*0 represents the non-zero modes of S, i.e. Sn with n ^ 0. The trace over these 
non-zero S modes gives (5^^/(w)^??'(f45, r), where 

/. N 11 9\(v,t) , , 

1 Iin Oi[v,T) 

and where Vrs = Vr — Vs- The trace of eight Sq modes gives an epsilon symbol and so SqSq 
can be replaced by its antisymmetric part, jRo'^ab' ■ However, the zero-mode trace then 
contains four Rq' tensors, which gives the familiar tg tensor, and so (^^ evaluates to 

— f{wfr]'{v,T) TV(7''4''4^'^5f'5^«'') i^lfei«262a3fe3afe ^ y.(y^)8^/(^^^)^a464a565aifeia262a3fe3^ (37) 
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where iiQ is a new ten- index tensor, distinct to tio, and where the bar does not imply a 
complex conjugate. By evaluating the trace over gamma matrices, iio can be written in 
terms of ig tensors as 

^abcdefghij _ _^ad^bcefghij _ ^ac^dbefghij _ ^bc^adefghij _ ^bd^caefghij /^ gx 

10 8 8 8 8 * V ' / 

There is an important relationship between the two ten-index tensors, given in ( |A.3| ), which 
relates iio to a sum of ten iio tensors. 

So after summing over all positions of the non-zero S modes and performing an almost 
identical calculation for the S modes, the f{w) terms cancel out and the R^R^ term is 
given by 



'T 



^(Imr)5 



■^^r=l r<s 



X (tl}^^a,b,---^Y^^a^b.a.b.---^,^^^^^^^^^^i^^c^M^^^^ (gg) 

r<s r<s 

where, for example, t^^b2a4bi- ^^^^^ ^a2b2aibia^bia;b3a5b5 ^^^ ^^ ^ ^^^^^ ^^^.^ ^ ^^ ^ ^^ 
have suppressed the five ha,.cr polarisations. 

3.1.2 Terms Containing dXR^R^ and R^BXR^ 

Consider the particular case of dXR'^Iv' where the dX originates from the first vertex 
operator; other cases are practically identical. The trace over the S modes gives the usual 
tg tensor and the trace over the S modes gives the same combination of tio and tio tensors 
found in the previous section. The traces over a and a and the p-integral give 

\fH\-'' (j^Y U^Xrs)^'^-'' (-E^?'^(^-l'^) ) ' (3-10) 

^ ^ r<s \ r=2 J 

where r]{v,T) is related to the derivative of the x function, 

ri{v,T) = — — (lnx(w,r)) 
m ov 

^ Imv 1 e[{v,T) 

luiT 2TTiei{v,T)' ^ ' 

Importantly, this is similar to the ri'{v,T) function found in the previous section, and in 
particular 

r^\v,r)=-r]{v,T) + - -. (3.12) 

imr 2 

So, the contribution from this dXR'^R? term, again suppressing the polarisations, is 
dh " ' 



*> ' •'^ r=l r<s 



X tf'--'^'''^ ( Y. K'vivrur)) (^tlt^^'^'''- + ^ tS'^'-'^'""^'(^-, r)) , (3.13) 

r^l r<s 

with similar expressions for the other dXR'^R^ terms and for the R^BXR'^ terms. 
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3.1.3 Terms Containing dXdXR^R'^ 

Consider the case where dX originates from the first vertex and dX from the second. The 
S and S traces give a pair of tg tensors and the a and a traces lead to 

(3.14) 
where fi(t;,r) is given by 

^ +^^^{^)- (3-15) 



27rlm r 27r 

It is unclear whether the 5'^{v) factor should be included since it is not seen by performing 
the integral over p. However, it makes no difference for the five-point amplitude since, after 
performing the integral over v and analytically continuing to the region where kr ■ kg > 0, 
it leads to a vanishing x(0;''")^^'"'^'' factor. So this particular dXdXR^W' term gives 






n d^^r J{{Xrs)"^'^-''kl^ ■ ■ ■ k^^ktkf . . . kt' 



r<s 
5 



Y,k'^-V{vri,r) Yl A:fr?(^,2,r)-2<5"i^^^(^i2,r) tg^^2'^«^3-ic,dic3d3-^ (3.I6) 

=2 s=l,s^2 J 

where the r] and f] sums can be understood as a product of the left- and right-moving 
modes; it is the il.{v, r) function, which originates in the p-integral, which contains the 
mixing between left- and right-movers, and distinguishes the amplitude from simply the 
product of two open-string amplitudes. 

In the case that the dX and dX come from the same vertex operator, the 26°"'^''Q{v, r) 
term does not contribute to the amplitude since 6°"''^^ha^cr vanishes for a traceless graviton. 

3.2 The Overall Amplitude 

Before writing the overall amplitude, we simplify it using various relationships between the 
tensors tio, tio and tg. First, using identity (|A.3|) , we can rewrite 



^aibia^fe- + ^ -^arbrashs-^:^^^^^^^^ ^ ^ ^aM.- (^'(^^^^ ^) + 1) . (3.17) 



r<s T<s 



Then, since identity (A. 4) implies X]r<s "^^^s^io "^"^^ "" ~ ^' which in turn implies 



r<s '^r-s'-io 

Y,{^mvrs)i^^'^^'''^- = 0, (3.18) 

r<s 

we are free to add a term linear in luiv to [i]'{vrs,T) -|- g)- In particular, if we subtract 

Im^l 
Imr 



jSi^ then we recognise the resulting term as r]{vrs,T), the same function found in section 
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3.1.2| . So we can eliminate the tensor tio in favour of tio and eliminate the function rj'^v, r) 



in favour of r]{v,T). 

Then we rewrite the tio terms in terms of tg tensors using ( |3.8D , leaving the final 
expression for the amplitude entirely in terms of t^ tensors, 

JT\ } ''Tr=l r<s 

X f ^ rj{Vrs,T)Ars ^ fi{Vrs,T)Ars + ^ Cl{Vrs,T)Brs J , (3.19) 

\r<s r<s r<s / 



where 



and 



Ai2 = k1^{ki + k2fkfkfk^^Hl'^''^^^''^^^''^^^ 

xaia2 i.bi I 62 1.63 I,b4,jb5,bib2a3b3a4b4a5b5 

V Aji A/O /vn r\iA A/r La 

-ki-k2 /t^3^b4^65^aia2a3fe3a4b4a5fe5 (g^Q) 



j^ _ _^^aiC2ub2i^^b3j^b4j^bsj^dij^d3,d4j^d5^a2b2a3b3a4b4a5b5^cidiC3d3C4d4Csd5 /o 2]^) 

^^ 234513458 8 ' V*/ 



A12 is the same as A12 but with c^ replacing a^. The other ^^.^ and Brs are similar but 
with the relevant permutations of the momenta and polarisation indices. For brevity we 
have suppressed the indices on Ars, Ars and B^s- 

With the amplitude in this form, it is particularly easy to demonstrate modular invari- 
ance, which in turn implies finiteness. Consider a general SL{2, Z) transformation given 

by 

Vr ar + b 



CT + d^ CT + d^ 

where a,b,c,d £ Z and ad — be = 1. Then it is easy to show that 



(3.22) 



'^"^FT^' ^"^FT^' '"^^^WTW' ^^ ^ 

and, by using the transformation properties of Oi(v, r), that 

^(^' ^) ^ I TTTT' ^(^' ^) ^ ("^"^ + ^)'^(^' ■^)' 

\CT + d\ 

fj{v, r) ^ (cr + d)fi{v, r), ^(u, r) -^ \ct + d\^n{v, r). (3.24) 

By using Y2r<s kr ■ kg = 0, which follows from momentum conservation, it is then simple 
to check that ( |3.19| ) is modular invariant. 



Gauge invariance is guaranteed from the gauge invariance of (3^), but it is reassuring 



to confirm this explicitly by replacing, say, /i^'^ by klC,'^ + klQ"" where ki ■ Q = Q. In fact. 
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it is sufficient to replace /if^ by kfC,'^. Then gauge invariance is easily shown using the 
antisymmetry of tg, the vanishing of 

llxt'''^lnx{vi2,r)\ (3.25) 

r<s / 

when integrated over a surface with no boundary, and the identity ( [A.4| ). 

Bose symmetry, i.e. symmetry under (/i^, kr,Vr) ^-> {hg, ks,Vs), is a trivial consequence 
of the symmetries of tg and the fact that under v — > —v, 

ri{v,T) ^ —r](v,T), Ci{v,t) ^ Ci{v,t). (3.26) 

3.3 Convergence Issues 

As explained in more detail in chapter ^, there are now four different integrals over Vr and 
r which must be performed. We concentrate here on 



'" = XoS)^ X n "'"^ U(^r.f^"-M-'. (3.27) 



where r/12 = r]{vi2,T), since it leads, along with similar integrals, to the most stringent 
restrictions on the convergence. As with the four-graviton amplitude, there are two corners 
of the integration region which can lead to singularities. The first is when vi -^ V2 which 
can be examined by writing ^12 = \v\e^^ and integrating over a small region near|u| = 0. 
Since for small v, 

X(w,r) ~ 27r|z;|, ri{v,T) >-- -- — , (3.28) 

ZiTV 

we find, suppressing all integrals except ^12, 

/i2~ I d^v\v\--^'-^^ [ d\v\\v\-^'-\ (3.29) 

J \vr J 

where s = —2ki ■ k2, which diverges unless s < 0. Contrast this with the equivalent 
condition for the four-graviton amplitude, s < 8, with the difference being due to the extra 
|?7p factor for five gravitons. 

The second potential singularity is due to the region Im t ^ 00 when the torus degen- 
erates to a thin wire. As with the four-graviton amplitude, we study this by splitting the 
integral into twelve parts depending on the Vr orderings and rewriting Vrs = x + ry, where 
X and y are real variables with < x, y < 1. Since the integration region no longer contains 
an Imr factor, we can study the Imr — > cxd behaviour just from studying the integrand. 
In terms of x and y, it is easy to show that for large Imr, 

and that r]{v,T) tends to a constant. Then since x~^^ appears in the integrand, it can be 
shown that the r-integral will only converge if s < 0. This is the same restriction found in 
the four-graviton case. If all twelve regions are combined then this constraint is extended 
to s < 0, i < 0, u < 0, -(; < 0, u; < and X < 0. 
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It is not possible to simultaneously satisfy both the Vrs — > and Im t ^> oo constraints 
and so the integral does not converge anywhere. Extending s to complex values does not 
help and the integral diverges even for purely imaginary values. Naively this is a disaster 
since the amplitude is nowhere finite leaving no hope for an analytic continuation. However, 
although the full integral converges nowhere, this is not true for the separate regions and so 
the resolution is to separately analytically continue each of the twelve pieces. After doing 
so, the full amplitude will then contain all the correct massless poles, massive poles and 



branch-cut singularities required by unitarity [3S] 



4. Expansion of the Five-Graviton Amplitude 

Unlike the four-graviton amplitude which only involves the single integral ( |2.6| ), the five- 
graviton amplitude contains four separate integrals, which we denote by 



j2 ^4 






\[ cfvr' Jl iXr 



,2^ r 4 






2 r'''^s'|r) 1 2 

I 'Irs I ) 



O f^r^ '"' c' ^ 



<'^''-'''''''r]rsr]tu, 



r'=l r'<s' 



(Imr)^ 



^yinil )- jq- 



K = I—-, I n d\^ n iXr's')-^'^'-'^'Clrs, (4.1) 



r'=l r'<s 



where r, s, t, u are all different and where r]rs = r]{vrs,T) and similarly for Xrs, Vrs and 
0,rs- Since ilrs is independent of Vrs, we write K without any subscripts. We want to study 
the effective action up to and including D'^R^ terms. Since the /, J and J' integrals are 
multiplied by ten momenta, this implies they need to be expanded up to order a'^; whereas 
since the K integral is multiplied by only eight momenta, the expansion to order a'^ is 
required. These expansions are obtained using similar techniques to those used for the 
four-graviton case. It is important to remove the massless pole in L^s before attempting 
to expand about zero momenta. Threshold branch cuts will again be removed by only 
integrating r over the region of the fundamental domain with Imr < L. 

4.1 Five-particle Mandelstam Variables 



The integrals (4.1) are parameterized by products of the momenta, kr ■ kg. However, 



due to momentum conservation, these are not independent quantities. In order to find 



the expansions of (4.1), it is important to use an independent set of such products, the 
Mandelstam variables, the equivalent of s and t in the four-graviton case. Consider the 
ten variables kr ■ kg with r < s. Momentum conservation can be used to eliminate, say, the 
four involving k^. The remaining six, however, are still not independent since we can still 
impose A;| = {—ki — k2 — k^ — k^Y = 0, and we use this to eliminate k^ ■ k^. We choose to 
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Figure 2: The origin of the massless poles in the five-graviton amphtude. 



label the remaining five independent variables by 

s = —2ki ■ k2, t = —2ki ■ k^, u = —2ki ■ k^, v = — 2/c2 ■ k^, w = —2k2 ■ k4, (4.2) 
with a sixth non-independent variable given by 

X = -2/C3 • /C4, (4.3) 

where s + t + u + v + w + x = 0. The remaining invariants are then given by 



-2ki ■ /c5 = —s — t — u, 
-2/c3 • k^ = s + u + w, 



-2k2 ■ k^ 
-2/c4 • ^5 



—s — V — w, 
s + t + v. 



(4.4) 



Integrals ( |4.l| ) have, by construction, certain symmetries in some of the kr ■ kg. For 
example, K is manifestly symmetric in all the kr ■ kg. For four gravitons this symmetry 
manifests itself as a symmetry in s, t and u. However, for five gravitons this is no longer 
the case: the asymmetry between (4.2) and ( [4.4[ ) means that any symmetry in kr ■ kg is 
hidden when written in the s, t, u, u , w, x variables. This means, at least for J and J', 
that we are unable to guess an ansatz, akin to ( |2.7| ), for the expansion in terms of kr ■ kg. 
Instead, the best we can do is to find the most general expansion in terms of s, t, u, v, w 
and reverse engineer to find a, hopefully unique, expansion in terms of kr ■ kg. 

4.2 Massless Poles in Integral / 

Unlike the four-graviton amplitude, which contains no massless poles due to the vanishing 
of the three-graviton one-loop amplitude, the five-graviton version does contain such poles 
corresponding to the string diagram shown in figure y. These massless poles originate 
from the integral Irg and can be studied by considering the limit as two vertex operators 
approach each other on the world-sheet. 

By extending the analysis in section 3.3, the limit as V2 -^ vi identifies the massless 
pole in s as 

JT . — 9 r^s 



'12 



s IT Jjr (Im r) 



(4.5) 



r<s 
1^2 
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where the prime indicates that (r, s) = (1, 2) is not to be included, and 1^2 means that 
vi is to be replaced by V2 everywhere within the product. This product can be rewritten 
without the prime as nr<s(x»'«)^ ' where r, s now run only from 1 to 4 and where 

k[ = ki + /c2, ^2 = ks, k'^ = ki, k'^ = k^. (4.6) 

It is now easy to recognise the residue of the pole as the product of a tree-level three- 
graviton vertex and a four-graviton one-loop amplitude, as required by unitarity. The 
poles for other values of r and s work in an identical manner. 

4.3 Expansion of Integral K 

First we expand integral K since this is most similar to the integral in the four-graviton 



case. Ignoring the irrelevant delta function in ( 3.15| ) 



^^'-4X(£FXn<'vn(x.v)i'-'-^^ (4.7, 

r'=l r'<s' 

where the product over x's can be written in terms of independent Mandelstam variables 
as 

/ Xl2X35X45 V^'' /Xl3X45V^* / XmXSs V^" / X23X45 V^'' / X24X35 V^"' .^ g^ 

VXl5X25X34y VXl5X34y VXl5X34y VX25X34y VX25X34/ 

By studying f^ — > fs, it is easy to show that there are no massless poles. 

Since none of the Vr play a privileged role in the integrand of K, the low-energy 
expansion will be symmetric in the variables kr ■ kg and so we require the most general 
symmetric expressions at each order. At order a'^ there are three potential candidates, 
which are in fact all proportional to each other, 

(fci • k^f + {ki ■ k^f + • • • + (fc4 • k^f = X, 
{ki ■ k2){ki • /eg) + • • • + (/C3 • k^){k^ ■ /C5) = -X, 

{ki ■ k2){ks ■ki) + --- + {k2- k^){k^ ■ ki) = \X. (4.9) 

At order a'^ there are many more symmetric expressions, but again it can be shown that 
they are all proportional to each other, so that we are free to choose YlrKsi^r ' ^sf' as the 
only independent combination. Then the most general expansion for K up to order a'^ is 
given by 

K = a + b^^kr-kg + cV^(A;r. • ksf + dy^{kr ■ ks)^ 

r<s r<s r<s 

C d 

= a + -{6s^ + 4t^ + 6st + ---) + -(6t\ + •••), (4.10) 

4 o 

where the second term has been dropped since it vanishes using momentum conservation. 
Threshold terms have been ignored since these will be removed by imposing Imr < L on 
the fundamental domain. 
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The value of a is found simply by setting s = t = u = v = w = 0, giving 



£i 



27r7^(Imr)6 7^ii^ 



n^^ 



Vr' 



d^T _ 1 

27r7^(Imr)2 ~ 6' 



(4.11) 



Using (4.10), the value of c can be found in many ways, all, of course, giving the same 
result. For example, 



c = lim 

s,t,...— 



d^ 



const 
4 



/ 7f ^ / rr d^Vr' (In xi3 + In X45 - In Xi5 - In X34) 



2671 Jjr (Im r 



(4.12) 



const 



After expanding the bracket only the square terms will give non-zero contributions. For 
example, Jq-Y\r'=i d'^Vr' Inxis lnx45 vanishes since the integral of a single Inx is zero. By 
changing variables and performing three of the ii^' -integrals, 



dh 



247r7^(Imr)3 J^ 



d^ilnxf 



const 



' riA 1 1 const ) 



(4.13) 



where the last part defines 0i. The integral 0i is exactly the same as that encountered 



in section 2.1.11 and when the remaining u-integral is performed we again find the Epstein 



zeta function Z2{t, t). Following the same analysis, the r-integral over the Imr < L region 
of the fundamental domain gives 



TT 



CL 



22-6! 



L + 0{L' 



0, 



(4.14) 



where the final part follows since L-dependent parts of cl must cancel with the same 
integral over the upper part of the fundamental domain. 
Finding d involves a similar calculation. For example, 

, 2 d'-^K 

d = — lim 



3 s,t,...^o dt'^du 
1 r d'^T 



const 



/ flmr)6 / n ^^'^^' (^'^Xis + lnX45 - lnxi5 - lnx34)' 



26.37ry^(Imr)6 

X (lnxi4 + lnX35 - Inxis - lnX34) 



const 



(4.15) 



There are only two non- vanishing contributions: eight terms containing In x^s In Xst In Xtr 
and two terms containing (In Xrs)^- After performing the t;-integrals for the first kind, the 
contribution to d is given by 

which defines ©2 and where lnxi+2 means lnx('Vi -|- V2,t). The same integral was found 



in section 2.1.2 where it was shown to involve the zeta function Z3(r, r). As there, the 
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r-integral can be converted to an integral over the boundary of the restricted fundamental 
domain which again leads to L-dependent terms, but no constant piece. So d is given 
entirely by the second type of term, 



2^ -Sit J-f{lmTy J^- 



const 25 • Svr 



^ eslconst. (4.17) 



The integral Q^ was also encountered in section 2.1.2 and, using the same 'unfolding 
procedure' as in ||2^^, it is easy to show that 

_ C(2)C(3) , . 

^3 1 const — -. • l4.i«j 

47r 

So, up to order a'^ and ignoring threshold corrections, the expansion of K is given by 

K = -l + ^^ E(^^ • ^^)' + ^(«")' (4.19) 



r<s 



where a' has been reinstated using 2a' = 1. 

4.4 Expansion of Integral J 

Now consider the integral Jrslrti which only needs to be expanded up to order a'^. For 
concreteness consider Ji2|i3- Then, using ( p.llD and changing variables so that Ui2 -^ vi, 



^^2|^=^ = iX(I^Xn^V|;0nXi)^(lnX2) 



1 . 



Inxilnx3lnx4 \ * / lnx2lnX4 



X 



In X2+3 In X-i+2+3 In X3-4 / V In X2+3 In X3-4 

lnX2+3-4lnX3\"^" / lnx-i+2lnX4 V^" /^l"X-i+2+3-4lnX3\ ^^ 



lnx2+3lnX3-4/ VlnX-i+2+3lnX3-4/ VlnX-i+2+3 lnX3-4 



(4.20) 



where, due to the periodicity of the integrand, there is no change to the Vr integration 
region. The absence of massless poles can again be shown by studying the Vrs -^ limit. 

Unlike K, Vrs and Vrt now play a privileged role in the definition of JrsWt and so the 
expansion is expected to have less symmetry. However, ^12113 should still be symmetric 
under ki^ ^^ k^ and, assuming it is real, under k2 ^-> ^3. This symmetry is manifest when 
the expansion is written in terms of k^ ■ kg, which is also the form required for comparing 
with the effective action. However, in practice we determine the expansion in terms of the 
independent Mandelstam variables s, t, u, v and w, for which any symmetry is lost, and 



^Note that the definition of Inx used here diflters from that in |2(J] by a factor of —2: [Inxlhorc ~ 

-2[ln x] there- 
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then deduce the expansion in terms of kr ■ kg. So we must consider the most general form 
for the expansion up to order q'^, 

"^12|13 = (^ 

+ bis + b2t + b^u + b^v + b^w 

+ dist + d2su + d^sv + d^sw + d^tu + d^tv + dyttf + ds'Wf^ + dguw + diQVw, 

(4.21) 



where, as usual, we have ignored non-analytic terms. 

The constant a is easily found by setting all the Mandelstam variables to zero, leaving 
an expression involving the integral f^d'^v-^{lnx)- Although the integrand is infinite at 
V = 0, the integral itself is finite, as can be seen by writing d'^v as |v|(i|u|d0 and, in fact, 
vanishes due to the antisymmetry of d^ Inx under v — > —v. 

The coefficients bi are determined by considering single derivatives of ( 4.2C| ) with re- 
spective to some Mandelstam variable. For example. 



lim — - 

,t,.--^o ds 



const 
d2, 



47r2 



X ( In Xi + In X3 + In Xi - In X2+3 - In X-i+2+3 - In X3-i) 



const 



(4.22) 



where all the terms vanish since they all contain fj- d^v dy Inx factors. (To see this for the 
fifth term it is necessary to change variables so that —vi + V2 + V3 ^ V3.) Similarly 62, ^3 
and 65 all vanish. However, 64 is potentially non-zero, 



1 

4^ 



j^ 



(Imr)^ 



/ d^7;id^U2^(lnxi)^(lnX2)lnxi+2 



const 



2~^04|const- (4.23) 



It is worth noting that, despite appearances, 64 is still modular invariant since the constant 
term added to lnxi+2 under a modular transformation vanishes by the antisymmetry of 
dylii-X- After performing the v- integrals, the same zeta function Z2(r, f) is found as at 
order a'^ in the expansion of K, despite originating from a different integral. In fact, 
04 = 2 7r6i. Since 61 only leads to L-dependent terms with no constant part, we can 
conclude that 64 = 0. 

The Cj and dj coefficients can be found in a similar manner giving 



1 



ci 



IGn^ 



re 



5 const ) 



C2 = 0, C3 = 0, C4 



09 2 Siconst) C5 — 2 5|const) V^-'^^J 
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and 



0, 



"4 — TT^ 2 slconst) 



d7 



1 



167r2 
1 



e 



4 = 0, 
1 



e 



5 1 const 1 



5 const ) 



167r2 



e 



5 const ) 



^3 

dg 



1 

167r2 
1 



(9 



5|const tyylconst 



167r2 



G 



8 1 const ) 



87r2 



G 



5 const ) 



dlO — -^-^Gs I const) 



where 



Gs 
Ge 
G7 
Gs 



r 



T 



d^T 

(ImT)4 

(Imr)^ 
d2r 



^(Imr 
(i2r 



/" d d 

/ d^vid^V2 ^(lnxl)^(lnx2)(lnXl+2)^ 

/" d d 

I d2t;id^7;2— (lnxi)^(lnx2)lnxilnXi+2, 



JF 



j2„. j2. 



5 



(Imr)3 7r'^ ^1^ 7;2 7^(lnxi)7^(lnx2)lnx2lnxi+2. 



5u 



d_ 



(4.25) 



(4.26) 



Despite involving different integrands, performing the iJ^-integrals shows that G5 and Gg 
involve the same modular functions encountered in calculating d in the expansion of K. In 
fact, G5 = ^G2 and Gg = f G3 and so, after performing the r-integrals, we find 



G 



5 1 const 



0, 



G 



6 [const 



C(2)C(3) 



(4.27) 



However, G7 and Gg do lead to new expressions, 

I f d^T -,r^ {luirf 5m+r-p5'. 



G7 
Gs 



E 



n+s—q 



16vr2 7^(Imr)2 ^ [mr + n){pT + q)\rT + s\'^\pT + q\'^'' 



1 



dh 



E 



(Im r) 6m+r-pSn+s-q 



167r2 /Tr(Imr)2 ^^ 4"^ , . , (m,r + n)(pr + g)|rT + splmr + nP 

•^ ^ ^ (m,n),(p,g),(r,s)^(0,0) ^ /\x- i/i i i i 



(4.28) 



As with G3 (and Gg), there is no obvious way to write the integrands as total derivatives. 
Perhaps an 'unfolding procedure' could be used as in |2^]. However, it is not necessary to 
explicitly evaluate them since their constant parts will be inferred as follows. The same 
integrals will appear in the pole terms of the expansion of integral Irs- However, these poles 
are completely fixed by unitarity and this will allow G7 and Gg to be uniquely determined. 
For completeness we state here that we will find 



67! 



const 



G« 



const 



2 '^G I const 



C(2)C(3) 
16 



(4.29) 
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Having determined all the coefficients, we can now write 

J '^4 1 const 



12113 - ^^^ 

-\ ^^^^ (s +2w + su + cisw + tw + uv + 2uw + 2vw) 

f 6 const 2 , ^5 const t^ 7 const f 8 const , 
7^—V H 7^ SV 7^—tV 

327r2 167r2 16tt^ 

+ 0{a'^), (4.30) 

which now needs to be rewritten in terms of kr ■ kg and generalised to Jrs\rt- For some terms 
this is trivial. For example, it is clear that the v multiplying G4I const should be generalised 
to —2ks ■ kf. Other terms are more tricky although, by considering various other values for 
r, s, t, it can be shown that, up to order a'^, 

t'4 1 const 

~2^ 



J ^^^ I const J 1 



Qslconst sQelconst . .3 , ^sjconst ., . r, wr, . r, ^ 

I .2 \ S rut) I ,2 V ^' '^u)\'^r r\"U ) 

Qslconst - Qylconst ., .l,\(f, , n , ©S I const -Qs [const ., .l.\(l, . 1,\ 

~. 2 \\'^S ' riujyrZs ' fcf j + [l^S ' Ku)(Kt ' r^u) ~T {^s " '^u)\'^t ' r^v) 

+ {ks ■ K){kt ■ ku) + (kg ■ ky){kt ■ k^) + {kt ■ ku){kt ■ k^)) , (4.31) 

where ku, k^ are the two momenta other than kr, kg, kt- Only Qq, Qj and Og have non-zero 
constant parts and so, using ( [4.29| ) and reinstating a' , this simplifies to 

Jrs\rt = ^§^(^- • kt){ks -kt + kr-ks + kr- h) + 0{a'^). (4.32) 

4.5 Expansion of Integral J' 

Integral J' differs from J in that all of the indices on the T]fi are different. Specialising to 
the case r, s = 1, 2 and t,u = 3, 4, we have 

^-13^ = i Lt^ L n d'-r' n (x.'.')^'=-^-|;(lnXi2)|(lnx34). (4.33) 

■/> V J -J -l r'=l r'<s' 

Again, studying the region Vj-s — > shows the absence of massless poles. This completes 
our earlier claim that the only source of massless poles is integral /. 



As with J, we begin with the most general possible expansion given in ( 4.21 ). The 



details are identical in spirit to those in section 4.4 and are not presented here. It is found 



that, up to and including order a'^, all coefficients vanish except 



'^'^ ~ —J^-^ ©5 1 const, ds — 2 ®5|const- (4.34) 



This is easily extended to general r, s, t, u, giving 



Jrs\tu = -^^^{(.kr ■ kt){ks ■ ku) - {K ■ ku){ks ■ h)) . (4.35) 
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Since 05 has no non-zero constant part, we conclude that 

j;,|,, = + O(a'3). (4.36) 

Although J' vanishes at all orders considered in this paper, it is not identically zero and 
will start to contribute at some higher order. The effect of its vanishing up to order a'"^ is 
that the effective action can be written as t%t%{D'^^ E?){B?') , where the final two Riemann 
tensors contract straight into the t% tensors. At higher orders, when J' starts to contribute, 
this will no longer be the case. 

4.6 Expansion of Integral / 

As it stands, the low-energy expansion of / makes little sense. However, after removing the 
poles the integral become finite for vanishing momenta and so can be expanded for small 
kr • kg- Consider the case where r,s = 1, 2, 



h2 = - [^^ 



I n d^^r' n (Xr'.')^''-''^'|;(lnxi2)^(lnxi2). (4.37) 

•^^r'=l r'<s' 



Since the poles are known from section H^, they can, in principle, be subtracted order by 
order in a' . Although some progress can be made this way, it becomes increasingly difficult 
to find suitable representations for the pole terms. Instead we use an alternative method 
which allows I to be directly expressed in terms of the integrals J and K. 
Consider the following integral, 

v^lS?l, n ^^- 1^ ( n (x..)ivviL ,„,.,] , (4.38) 

T-'=l \r'<s' / 

which vanishes since Vr is integrated over a surface with no boundary. (The potential 
singularity near |i;i2| = is easily shown to be finite in the limit s — > 0.) By acting with 
the vi derivative, various /, J and K integrals are generated, leading to the relation 

_ ki-ks ki-k4 fci-fcs J 2 

which clearly only contains single poles in ki • ^2. For general r, s the result is generalised 
to 

t=l, t^r,s 

where a' has been reinserted. The expansion of / is then easily obtained using the expan- 
sions of J and K given in ( 4.31] ) and ( 4.ig| ) respectively. At order a'~^ we find g^,^ ^ , 



agreeing with the lowest order expansion of ( |4.5| ). Orders a'^ and a'^ vanish. The next 



25 



order contribution, after separating poles and non-poles, is 



a'2 



67r2(A;r ■ ks) . ^ , 

\ t=tr,s 



+ ^ (kfkuf&elconstj 
(t,u)^(r,s) I 



a'^ 



+ -^[^^i^r- kt){ks ■ kt)e7\const + {h ' fc,)2e6|const j , (4.41) 

V tjtr,s / 

where we have not assumed any relationship between Qq, O7 and Gg. From unitarity we 
know that the kinematic factor multiplying the pole must involve the expansion of the 
four-graviton amplitude to third order, which is 

Y, {{kr + ks) ■ ktf + Y. {kfkuf, (4.42) 

t^r,s {t,u)^{r,s} 

where each sum contains three terms. Matching the two requires 208 1 const = ©6 1 const, 
confirming the claim in ( 4.29 ). The remaining relationship of ( [4.29|) , which involves Qj, is 



shown in the same way but with dv interchanged with dv in ( [4.38| ) . 

Using ( [4.27| ) , our final expression for the expansion of Ij-s up to order a'^ is 

6a' kr ■ kg 



C(3)a 



/2 



3 Y (kr ■ kt){ks ■ h) + {kr ■ ksf , (4.43) 



25.32 ^ ^ 

where the first line is the lowest-order pole, the second line is the order a'^ pole, and the 
third line is the order a'^ non-pole. 

5. Consequences for the Effective Action 

Given the low-energy expansion of the five-graviton amplitude, we can now determine 
whether this implies new terms in the type II effective action. As reviewed in section 2.2, 
the one-loop four-graviton amplitude implies the following one-loop terms in the effective 
action up to order D^R'^, 

a'3 / d^^xV^ (4C(2)e'^/2^^ ^ . e-0/2„'2^4^4 ^ 8C{2)C{:i)e~'^a"'D^n^') , (5.1) 

where we are now using Einstein frame since this simplifies the subsequent analysis^. Using 
the four-graviton amplitude it is not possible to determine exactly how the derivatives are 



^Unlike the string frame, the Einstein frame contains no mixing between the graviton and dilaton 
propagators. 



26 



distributed amongst the Riemann tensors; for concreteness we assume D^'^TZ'^ is shorthand 
for 

j.aibia2b2a:jb3a4,b4,cidiC2d2Czd'iC4,d4f / T~)2\n( r> n \\ f? P ^^ 9'\ 

''8 ''8 vV-*^ I \''^aibiCidi^a2b2C2d2)) ''^a3b3C3d3''^a4,b4,C4,d4,- W-^7 

By studying the five-graviton amphtude we can address three issues. Firstly, we can resolve 
the question about how the derivatives are distributed (modulo the D^R issue discussed 
below). Secondly, we can determine whether a D^R'^ term exists, which cannot be seen 
from the four-graviton amplitude. Thirdly, we can study whether it is necessary to add 
new R^, D'^R^ and D'^R^ terms. 

The strategy will be to calculate the contribution to the five-graviton amplitude from 
(5.1) by expanding around flat space and considering all possible tree-level diagrams. After 



removing these diagrams, any remaining terms will be covariantised to find potentially novel 

5.1 Ambiguities in the Effective Action 

As mentioned in the introduction, on-shell effective actions can only be determined up 
to field redefinitions. Since the Weyl tensor differs from the Riemann tensor by terms 
involving the Ricci tensor and Ricci scalar, it is impossible to distinguish the two, and i?^ 
can be replaced by W^. This conclusion only holds if other fields, such as the NS ^ NS 
two-form and the R(d R fields, are turned off. If they are not, then it is still true that i?^ 
and W^ can be interchanged, but only at the expense of adding additional terms involving 
the other fields. Consequently, it may well be the case that either R'^ or W^ is preferred 
since it leads to an effective action with fewer terms. For the case here, with all other fields 
turned off, we choose to use the Riemann tensor since its expansion around flat space is 
considerably simpler. 

Now consider terms involving D'^Rabcd- By using the Bianchi identity and replacing 
D\^D^ by Riemann tensors, it can be shown that 

D Rabcd = "^R^afbR ecd — "^R^afcR deb + '^R'^afdR ceb 
~r -Kae-K bed ^be^ acd 

+ DaD.Rdb - DaDdRcb - DhD.Rda + DbDdRca, (5.3) 

and so, after removing the Ricci terms using a field redefinition, D^Rabcd can be replaced 
by a sum of Riemann-squared terms. This implies, for example, that D^TZ'^ can be replaced 
by a sum of R^ terms (which is one explanation for why D^TZ'^ does not contribute to the 
four-graviton amplitude). Similarly 

{DfDeR){D''DfR^) = {DeDfR){D^DfR^) + ''D^R^ terms", (5.4) 

and so the issue of how the derivatives are distributed in D^^TZ'^ is actually ill-defined: 
different distributions are often equivalent up to R^ terms. Then the only possible criteria 
for fixing the precise meaning of D^^TZ^ involves choosing the term which leads to the 
fewest total number of terms in the effective action. 
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5.2 Expansions of Various Tensors 

Before expanding (|5.1|), we first need to expand tlie Riemann, Ricci and ts tensors around 



flat space. Consider a small fluctuation of the metric about the Minkowski metric, 

9ab = Vab + Khab, (5.5) 

where k is presumed small. In subsequent expressions we will drop factors of k since they 
can easily be reinstated; the order of the expansion is then given by the number of h factors. 
Indices on h and d are raised and lowered with t/, whereas all other indices are raised and 
lowered with g. So, for example, 

r\c = g'"'rdbc, h\ = r^'^'^h^b, d'' = r]''%. (5.6) 

The expansions of the inverse metric and the metric determinant are readily found to be 

gab ^ ^ab _ f^ab ^ j^acf^^b ^ . . . ^ (57) 

1 la 



V^=l + i/i\ + --- , (5.8) 

and likewise for the Christoffel symbol, 

r\c = U9bh\ + dch\ - d^hc) - ^h'^^idbh.d + dchd - ddhc) + ■■■ . (5.9) 

Since the expansion of D^"'TZ'^ is required up to fifth order in h, we need the expansion 
of Rabcd up to sccoud Order. After a slightly more involved calculation, it can be shown 
that 

ri^'V^^Rabef = 2d[ad^'h]''^ 

- d-h^M]h^l - d'h^M^h], + Id-ha^'^deh''^. (5.10) 

Often the Riemann tensor Rabcd is multiplied by tg tg which is antisymmetric in a <-> 6 
and in c <-^ d. This allows the first term to be rewritten as 2dadchM, without the square 
brackets. Further, there is also a symmetry in (a, b) <-^ (c, d). This symmetry is not 
obvious, but, since the 7^^ term is only expanded to fifth order, it follows that at least three 
Riemann tensors are only expanded to first order which, even when written as 2dad(.hhd, still 
has manifest (a, 6) <-> (c, d) symmetry. With the understanding that Rabcd is multiplied 
by a tensor with these symmetries, its expansion to second order simplifies to 

Rabcd = 2dadchbd + dah/ddhe + OahJ'dbhde - 2d''hacdbhde + Whacdehbd- (5.11) 



By contracting ( 5.10| ) with an inverse metric, the expansion of the Ricci tensor can be 
determined as 

Rab = \{^Kb + dadbh - dadjfb - dbdjfa) 

- \K"^{dadbhcd + dcddhab - dadchd - dbdchad) 

- \daKddbh''' + \{d'hadd''hbc - dchadd'h\) 

+ -Adahbc + dbhac - d,hab){2ddh''' " d'h), (5.12) 
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where h = h"'a and D = d"'da- Similarly, the Ricci scalar is given by 

- h''\Uhab + dadbh - 2dad''hbc) 

- \dahbcd''h^' + \dahbcd^h''' + d^habdch^' - d'^habd^h + {d'^hdah. (5.13) 
We will actually need the Ricci scalar expanded to third order in h. This has previously 



been calculated in |4C] and there is no need to reproduce the result here. 

Finally, it is important to remember that the tg tensor must also be expanded. For the 
amplitudes calculated here, amplitudes in flat space, ts appears as a sum of products of 
inverse Minkowski metrics. However, when written in an effective action, tg is covariantised 
to involve full metrics and, as such, should be expanded in h. Where it is important to 
distinguish tg written in terms of the Minkowski metric from ig written in terms of the full 
metric we define 

^abcdefgh ^ Y^g- g- g- g- = A g^c gbd gSg gf h ^ 59 Q^J^g^ ^g^j^g^ 

^bcdefgh ^ Y^ r]-r]-r]"ri- = --ri^^rf'S^^^f^ + 59 other terms. (5.14) 

Then, to first order in /i, tg can be expanded in terms of tg as 

.abcdefgh .abcdefgh 

''8 ~ i-8 

— I (h. a. Abcdefgh . ib^aicdefgh ic^abidefgh ,d^abciefgh 

_|_ le.abcdifgh , f.abcdeigh , g.abcdefih ,h.abcdefgi\ /r -^t^\ 

As with the Riemann tensor, ig is often multiplied by a tensor which is symmetric under 
the interchange of pairs of indices, e.g. under (a, 6) <-^ {c,d). For example, when TZ'^ is 
expanded to fifth order, the lowest order expansion of the Riemann tensor, as shown in 
( |5.11 ) , has this symmetry. Then the expansion of tg simplifies to 



^abcdefgh _ ^abcdefgh _ 2/f^a^ibcdefgh ^b^aicdefgh\ /^ ^q\ 

5.3 Expansion of the Known Effective Action 

We are now in a position to expand (|5.1D up to fifth order. This will give the graviton 



propagator and various three-, four- and five-point vertices, some of which will be associated 
with tree-level terms and some with one-loop terms. 

5.3.1 The Einstein-Hilbert Term 

Consider first the Einstein-Hilbert action, J d}^x^J—gR. The first contribution, using ( p^ ) 
and ( |5.13| ) and dropping total derivatives, is at second order, 

Seh = \ I d^^x {dahcd^h^" - dahd^'h + 2dahdbh''^ - 2dahbcd''h''^), (5.17) 

which is invariant under the gauge transformation 

Kb -^ Kb + daCb + dbCa, (5.18) 
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where Ca is an arbitrary one-form field. We fix the gauge invariance using the de Bonder 
gauge, d°'hab = \dhh, which leads to the usual graviton propagator, 

Vacflbd + Vadllbc - jVabllcd ,^ ^^. 

Dab,cd = p • (5-19) 

The expansion of y/—gR to third order gives a three-graviton vertex, VJ^, , r, which 



3ab,cd,ef^ 



was first calculated in |4C]. The result is not given here since we will take a short-cut when 
calculating diagrams involving such a vertex. 

5.3.2 The TZ'^ Term 

Since each Riemann tensor contains at least one h, the expansion of f S^x^—gTZ'^ begins 
at fourth order. With all tensors expanded to lowest order, the action becomes 

Sf^ =2^ I d^^xtf'>^-t^^''^-da,dcMld, da,d,,hb,d, daAsKd, da,d,,h^,d, (5-20) 

and it is straightforward to read off the four-graviton vertex as 

T/'R.'* _^i.aibia2b2a3b3aib4,,Ci_diC2d2Cid3C4,d4,i., U, U^ U^ to K h. h. 

^4ab,cd,ef,gh — -^ kg kg «-! ^^ «-! ci «'2 02 '^'2 C2 "-S as ^'S C3 M 04 M C4 

X 'nbia'ndib'nb2ciid2dVb3e'nd3fVb4g'nd4h- (5.21) 

Expanding to fifth order is more involved. The fifth graviton can originate either from 
the \J—g^ from a is tensor or from a Riemann tensor. When it originates from the ^/— 5, the 
term will necessarily involve a -^h factor, which can be ignored for our purposes since this 
vertex will only ever be used in diagrams with all legs on-shell. With this understanding, 

aK^ _ 95 / jlO j.aibia262a3b3a464j.ClrflC2rf2C3d3C4d4 o f^ h, , rl r> h, , rl rl h, , 
>->5h — ^ / " -^ ig ig Ua2Uc2'i'b2d2 '-'as'-'cs'i'b^ds (-'a4,(-'c4'''b4di 

+ Id'^haicideh^di - 2/lcie<9ai<9^/lfeidi - 2hb-,edc^da^hd^'')., (5.22) 

where the first four terms originate from expanding a Riemann tensor to second order, and 
the final two terms are from expanding a tg tensor. The relevant five-vertex is easily read 
off. 

5.3.3 The D^TZ'^ Term 

There is no need to expand D^IZ^ and D'^TZ'^ since the amplitude vanishes at these orders. 
However, there is a non-vanishing contribution at order D^R'^. To be explicit, we assume 
D^TZ^ is shorthand for 

8 8 ^e^-^f^gRaibiCidi U U U Ra2b2C2d2 Ra-^b^c-jd^ R-aib^c^d^- (O.ZOJ 

Since at lowest order the covariant derivatives become ordinary derivatives, the first con- 
tribution to the expansion is very similar to that for 7^^, 

qD^VJ^ _ r)4: jl0^j.aibia2b2a3b3a4b4,cidiC2d2C3d3C4d4 
'~'4h — ^ a Xlg tg 

X dedfdgda^dc^hb^di d"" d^ d^ da2dc2hb2d2 da-idcsK^ds da4dc4hb4d4- (5-24) 
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However, to fifth order there is the added complication of expanding the covariant deriva- 
tives. The fifth graviton can now either come from the \/—g, a tg tensor, a Riemann 
tensor, a Christoffel symbol within a covariant derivative, or an inverse metric used to 
raise an index on the second set of derivatives. After a certain amount of work and a little 
rearranging, it can be shown that 

qD^TI^ _ o4 / jlO^ j.aT_bia2b2a3b3a4b4,cidiC2d2C3d3C4d4 



X idedfdg{-da^hd^''dcihb^k + da^h^.,^ dh^hd^k - 2d^hb^dida^hc^k 

+ 2^ haicidkhb^di — '^daid hb-^dihc^k — '^dc^daihd^ hb-^k) 
X d''d^d^da2dc2hb2d2 dasdc^K^dz da^dc^hb^d^ 
+ {—daihd^ dc^hb^k + da^hci db^hd^k — '^d hb^didaih^^k 

+ 2^ haicidkhb^di — '^da^d hbj^dihcik — "^dc^da^hd^ hb-^k) 
X dedfdgda2dc2hb2d2 d^'d^ d^da^dc^K^di da^dc^hb^d^ 
- [2dedf{da^hg^ - d^ha^g){dkdc^hb^di - db^dc^h^d^) 

+ Qdeida^hg^ - d^haig)df{dkdc^hb^di - db.dc-^hkd^) 

+ ^{da^hg^ - d^ha^g)dedf{dkdc^hb^di - db^dc^hkd^) 

+ {2dedfhg'' - ded''hfg)dkda,dcM.d, 

+ 3(29e/i/ - d^heg)dfdkda,dc,hb,d, 

- 3he''dfdgdkda^dc^hb^dij 

X d''d^d^da2dc2hb2d2 dasdcah^da da^dc^hb^d^ j , (5-25) 

where in the top half the fifth graviton originates from a Riemann tensor or a tg tensor, and 
in the bottom half from a covariant derivative or an inverse metric. Again, terms involving 
h have been ignored. 

5.4 Diagrams from the TZ'^ Term 

Now we calculate the relevant diagrams which contribute to the five-graviton amplitude. 
Since diagrams involving D^TZ^ are similar in spirit to those involving TZ'^ , we focus only on 
the latter. As explained in the introduction, only tree-level diagrams need be considered 
and, since we are studying a one-loop amplitude, exactly one of the vertices must originate 
from a one-loop term. Such terms begin at TZ and so each diagram must contain either a 
one-loop four-vertex or a one-loop five-vertex. This leads to only two diagrams as shown in 
figure ^ where a dot represents a vertex from the expansion of the Einstein-Hilbert action, 
and a circle surrounding a dot represents a vertex from an 7?.^ term. 

Diagram (a) contains a three- vertex from the expansion of R connected via a graviton 
propagator to a four- vertex from the expansion of 7^^. This diagram will be responsible for 
the poles in the amplitude, although it will also contain non-pole pieces where the pole in 
the denominator is cancelled by the numerator. Diagram (b) is simply the 7?.^ five-vertex 
contracted into five on-shell external gravitons. 
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^^ 




(a) 



(b) 



Figure 3: The two field theory diagrams contributing to the five-graviton ampHtude: (a) a pole 
diagram and (b) a contact diagram. 



In calculating these diagrams, we will focus only on the 's-channel' since all other cases 
work in an identical manner. For diagram (a) the meaning of this is clear: the incoming 
particles on the left are particles 1 and 2 carrying momenta fei and /c2 respectively. However, 
perhaps counter-intuitively, diagram (b) can also be split into different channels as follows. 
All terms in the 7?.^ five-vertex ( |5.22| ) contain a c^aj 9c2 ^62 d2^a3^c3^b3 da 9a4 9c4 ^64^4 factor 
multiplied by two other gravitons. The two other gravitons originate either from expanding 
a Riemann tensor to second order or by expanding a tg tensor. By 's-channel' we mean 
choosing these two other gravitons to be particles 1 and 2. 

First consider figure ^a). To evaluate this diagram we take the Einstein-Hilbert three- 
vertex and contract into two external particles, numbers 1 and 2, and take the 7?.^ four- 
vertex and contract into three external particles, numbers 3, 4 and 5. Then we sandwich the 
two together using a graviton propagator. This whole procedure is quite involved, largely 
due to the complicated nature of the three-vertex. However, we can take a short-cut 
since an almost identical calculation was performed in |41], which considers four-graviton 
scattering at tree-level and matches with the low-energy limit of the same amplitude in 
string theory. Similar in spirit to figure 13, M] contains two diagrams: a pole diagram and 
a contact diagram. The pole diagram involves an Einstein-Hilbert three-vertex connected 
via a graviton propagator to another Einstein-Hilbert three-vertex. As such, the first part 
of the calculation is identical to the one considered here, the only difference being that here 
the second vertex is a four-vertex from the 7?.'^ term. 

Taking the three-vertex and contracting two legs into on-shell gravitons gives (3.2) in 
1 41] which, after further contracting into a propagator, results in (3.7). This result is for 
the i-channel, but is easily converted to the s-channel giving 



hfhtvil,^,a,ef{kuk2, 



-h - A:2)£'^^'""(A;i + k2) = 
-({hih2)k^k'l + 2{hih2)k^rkf + {hih2)kl 



{hih2r 

+ {kih2k,)hr + {k2hik2)h^ 

- 4ik2hih2)^"'k^^ - i{kih2)^"'ik2hirA , 



4{hh2h)^'^k'^^ 



(5.26) 



where (/11/12) = /ii,a6^2 ' (^1^2)06 = hi^ach2,b^ and so on. At this point we deviate from 



the calculation in |41] and instead contract into the four-vertex given in (5.21), with the 



32 



"8 



remaining three legs contracted into gravitons 3, 4 and 5. After using the antisymmetry of 
tg we obtain 

y~r ~ "'aiCi"'a2C2"'a3C3"a4C4"'a5C5 % ^4 '^5 ^3 ^4 ^5 

C rb-r rtf) (-Q 

_ jSCiC2j[j,rfly^(i2j.'illi2C3l^3C4l^4C5li5'\ 

12 8 ; 

+ (5'=1'=2 (^^ + k2)\h + A:2)'^t^l^''^''^"4b4a5fe5^a2rfC3d3C4rf4C5d5 J ^ (527) 

where all terms are poles except the final line. 

Evaluating diagram |^(b) is simpler. We take the five- vertex from ( |5.22| ) and contract 
into the five gravitons, considering all relevant permutations of the external particles. For 
the 's-channel' this means permuting gravitons 1 and 2 between the dhdh and hddh terms 
and permuting gravitons 3, 4 and 5 between the remaining ddh terms, which gives 

^Y = '^aici "-0202 "'a3C3 "-0404 "ages ^3 ^4 %'^3 ^4 % 

y /rciC2T^6i r^fe2j.6i 62136314 6405 t'5j.aia2C3rf3C4 1^405^5 
\ 1 2 8 8 

XC1C2 ifii i,d2j.a2bia3b3a4b4a5b5,aid2Czd3C4d4C5d5 
Iv^ ft,2 tg tg 

_ jLC2 1,62 J.C1 62136314641565 j.aia2C3d3C4d4C5d5 
'^1 '^2 ''8 ''8 

_l_ ubi 7,ci ,0261036304640565 ,aia2C3c(3C4d4C5d5 
~r '*'! '^2 ''8 ''8 

1 j.aia2a363i464a565j.ciC2C3d3C4d4C5d5 

4* ''8 ''8 

_ i,C2r.6i ,0161036304640565 ,aia2C3d3C4d4C5d5 
'^l '^1 '•8 ''8 

_l_ 1.C1 7,62 j.C262a363a464a565,aia2C3c(3C4d4C5d5 
~r ^2 "'2 ''8 ''8 

XC1C2 ubl 7,0(1^1161036304640565 ,02^1 C3d3C4d4C5d5 
U fii nyi tg 6g 

_ ^ClC2 ^62 Lrf2j.1l6213631464l565j.12ci2C3d3C4(i4C5(i5\ /|r ^Q'j 

where indented lines show the 1 •s-^ 2 permutations. 

5.5 Matching with the Effective Action 

These diagrams, and the equivalent diagrams at higher orders, can now be subtracted from 
the expansion of the amplitude in section 0. Any remaining terms can then be covariantised 
to discover possible R^ and D^^R^ terms. 

5.5.1 Order R'^ 

At lowest order the amplitude contains eight powers of momenta and so is relevant to the 
TZ^ term. Since the I and J integrals are multiplied by ten powers of momenta, whereas 
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K is only multiplied by eight, we need to consider the expansions of I and J at order a ^ 
and the expansion of K at order a^ , 

Irs\a'-^ = n /T . ' Jrs\rt\a''^ = Oi '^rs\tu\a'-^ = 0> -^^U'd = " 77- (5.29) 



Since we are just considering the 's-channel', the amplitude ( p. 19 ) to lowest order is given 
solely by the r/i2f/i2 and (I12 terms, 






,/l^, , 1 , — ^ " /,! /,2 ;^3 l4 75 t.b3 i,b4 uh r,d3 ,d4 7d5 
^5h,tsts\'R,'^ — Q '''aici'''a2C2'''a3C3'''a4C4"'a5C5 '^3 '^4, '^5 '^3 '*'4 '^5 



-(kt'ih + fca)''*^!''"^^^""^*"^''^ - A;^^(A;i + k2)%^'"''''"'*''^^''''^ 



U rui AyQ t-Q 1~ r\t>LQ 

XClC2l,dijd2j.did2C3d3C4d4Csd5 , 1 „j.CiC2C3d3C4C(4C5C(5\ 
U nj-] /vo to ~F <^ot/Q J 

I xaiC2 j^diiJ}2^a2b2a3b3a4b4aryb5,cidiC3d3C4d4Cr,di, j f5 30) 

where q' has been reinstated using 2a' = 1. This is identical to the sum of the two field 
theory diagrams, ( ^.271) and ( |5.28| ). Of course, this has to be the case since R^ terms 
only begin to contribute at the next order; the usual 7^^ term has to account for the full 
amplitude at this order. 

5.5.2 Order D^R^ 

At the next order we are looking for possible D^R^ terms, which start to contribute at the 
same order as R^ terms. The relevant terms in the expansions of the modular integrals all 
vanish, 

/rsU'O = 0, -'rslrtU'" = 0, Jrs\tu\a'° = 0, i^U'i = 0, (5.31) 

which implies the vanishing of all D^VJ^ and R? terms. 

It is worth noting that any D^TZ'^ term can always be rewritten as a sum of R^ terms 
as follows. There are two possible D^VJ^ terms depending on whether or not the covariant 
derivatives act on the same Riemann tensor: 

\^ J^aibiCidi )^a2b2C2d2^a'ib-i,c-^d-i,^a4b4C4d4 > 

\^ ^a\b\cidi}\.^e^a2b2C2d2l^aib-j,Cid-j,^a4b4C4d4- (p.OZ,) 

However, since these differ by a total derivative, we are free to consider just the first which, 
from (|5.3| ), is equivalent to a sum of R^ terms. The converse is clearly not true: most 
R? terms cannot be re-expressed as D^TZ'^ terms. So we have shown that all R^ terms, 
including the combination equivalent to D^TZ"^, vanish. Such a conclusion cannot be drawn 
from studying the four-graviton amplitude: the fact that D^TZ'^ is equivalent to R^ terms 
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shows that it does not contribute at four gravitons. The five-graviton amphtude estabhshes 
that D^VJ^ really is absent. 

This result agrees with the expectation in the literature (for example in [^). Also it 



complements the results in [43| where it was shown that there is no contribution to the 
tree-level gravitational /3- function at five loops and that any B? term must vanish on a 
Kahler manifold. 

This analysis only applies to terms involving the tg tensor. Terms with eio tensors will 
be studied in the next section. 

5.5.3 Order D^R^ 

The next order contains terms such as D'^R'^, D^R^ and R^, although the presence of the 
latter can only be determined by studying amplitudes with at least six gravitons. Again, 
the expansions of the modular integrals vanish, 

-^rsU'i = 0, </rs|rtL'i = 0) "^rsltula'^ — ^j -^L'2 = 0, (5.33) 

implying the absence of D'^TZ'^ terms. This agrees with the conclusion from the four- 



graviton amplitude where, as shown in section 2.1.1 , the s^ + t^ + u^ coefficient in the 
low-energy expansion vanishes. 

Unlike the previous order, it is no longer true that all D^T?.^ terms can be rewritten as 
D^R? terms. If, for simplicity, we ignore the order of the indices on the derivatives, then 
of the seven arrangements of the four derivatives over the Riemann tensors, only three are 
independent; the others are equal up to total derivatives. These can be taken to be 

{DeDfR){DWfR)R^, {D^D^DfDfR)R\ {D^D^R){DfDf R)R^. (5.34) 

The first is a true D'^TZ'^ term in that it cannot be rewritten as a sum of D^R? terms and 
would contribute to the four-graviton amplitude. The second can, using ( ^.3D , be written as 
a sum of D^R^ terms which would contribute to five gravitons but not to four. Using ( ^.3| ) 
twice, the third is equivalent to a sum of R^ terms and therefore makes no contribution to 
either the four- or five-graviton amplitudes. From ( ^.33 ), we conclude that the first two 



terms are both absent, although we can say nothing about the third. 

Not only have we shown that {D(.D'^DfDfR)R? ~ "^D^R^ vanishes, but that most 
other D^R? terms are also zero, where by most we mean all terms which cannot be rewritten 
as R^ terms. An example of a term which cannot be determined is {D(,R){D^ R)R? . This 
follows from the same reason that {D(.R){D^R)R? cannot be determined using the four- 
graviton amplitude. If we use the convention that terms are always written using the 
greatest possible number of Riemann tensors, then we have shown that all D^R^ and 
D^R? terms vanish. 

5.5.4 Order D^R^ 

Finally we consider terms at order D^R^ ~ D'^R^, which is as far as can be studied using 
the expansions in section ^. It will be possible to determine both the most appropriate 
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arrangement of derivatives in the D^TZ'^ term and to find new D'^R^ terms. The relevant 
terms in the expansions of /, J, J' and K are given by 



T I ,9 



C{3)a' 



,/2 



^ * O I rCi^ ' nJg 



Y,{{kr + ks)-hf+ Yl {h-kuY 



. t^r,s 



t,u^{r,s} 



12 



C(3)a 
25.32 



2,Y,{kr-kt){ks-kt) + {kr-ksf\, 



t^r,s 



J, 



_ C(3)a 

rs|rtlo'2 „ij „ 



/2 



-ykg • kt)\ks • kt -\- Kr • kg -T kr ' kt), 



Ji 



rs\tu\a''^ 



K\ 



0, 

C(3)a 
25.32 



/3 



r<s 



• Ka 



(5.35) 



Since Jrs\rt\a''^ is non-zero, we can no longer just consider the 's-channel'. Instead we use 
the following prescription to reduce the number of diagrams which must be calculated. For 
terms where two particles are singled out, these are chosen to be particles 1 and 2; for 
terms where three particles are singled out, these are chosen as particles 1, 2 and 3, with 
particle 3 occupying the repeated position. So, to be explicit, we only need to consider the 
'^) ^13^23, ??23??13 and ()i2 terms in the amplitude. 
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The D TZ term in (5.1) leads to two diagrams, which are identical in spirit to those 



considered in section 5.4, the only difference being that the one-loop vertices now originate 



from D^TZ'^ rather than from TZ^. The calculation of the pole diagram proceeds exactly as 
in section 5.4, the final result for the s-channel being ( |5.27] ) multiplied by 

{{ki + k2) ■ k^f + ((fci + k2) ■ k^f + ((A;i + k2) ■ k^f 



+ {kz-k^f + {k^-k^f+{k^-k^y 



(5.36) 



The contact diagram is evaluated by contracting ( ^.25[) into five on-shell gravitons, with 
particles 1 and 2 for the first two gravitons, particle 3 for the third, and particles 4 and 5 
for the final two. There is no need to write the result here since it is essentially ( 5.251 ) with 
derivatives replaced by momenta. 

Both these diagrams need to be subtracted from the amplitude before the remaining 
terms can be covariantised. It is helpful to first remove terms containing ( 5.3£| ) since these 
exactly mirror the matching at order TZ^: the pole diagram and the first half of the contact 
diagram ( 5.25 ) are easily seen to match with the ^ ^ terms from I12 and the equivalent 



terms from K in ( ^.35| ). Of course, the pole terms have to match since, by unitarity, the can 
be understood as arising from a four-graviton amplitude connected by an on-shell graviton 
to a three-graviton amplitude. This leaves the second half of ( ^.25 ) to be subtracted from 
the remaining terms in ( ^.35 ). After tedious but straightforward work all the extra terms 
in (5.25) are found in the amplitude with the exception of 



X (dkdcihhj^di — db]_dc^hkdx) d^d^ d^ da2dc2hb2d2 da-id c^hk^d-i da^dc4^hh^d4- 



(5.37) 
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However, by considering the expansion of 

X 8a28c2hb2d2 das8c-j,hb.j^d-j. 8ai8c^hi)^(H (5.38) 

in terms of t^ tensors and using ( A.4 ), it can be shown that ( ^.371) is equivalent to 



X 8''8f8^{8k8cihb^d^ - 8b^8cj^hkdi) 8a28c2hb2d2 dasdcsh-id^ 8ai8cihb^di, (5.39) 

which does match with terms in the [ki ■ ^2)^ part of /12. 

The remaining terms in the amphtude require new D^R^ terms in the effective action 
to reproduce them. It is a simple matter to covariantise these extra terms finding 

5^4R5 = 8C(3)C(2)a'^ /"^lO^^3^g-0^aibia262a3b3a4b4^CidiC2d2C3d3C4d4 

X ylZUf.rCaifcigJ-'kJ^ bi di ^a2b2C2d2^a-ibs,co,d^i^aib4,C4,d4, 

\ ^-LjgU J ItaigcikJ-^ b\ di ^^^2C2d2^o,3bsC3ds'^a4^b4C4d4 

' i^-tJ [JJ Kaifcidi'L)e'n-a2b2gd2R b\C2 J^asbisc-jdaRaib^Cid^ 
+ oD [D Ra^fc^dT,n,a2b2geU R b^C2d2)^o-'ibzczdzRa4b4,C4,d4, 

— ZARa^efgLJ L>kR bicidi^ ^ Ra2b2C2d2Razh',C2.d-i,Ra4h4C4,d4 

— 6U [U(,DfRa^b\c-id\Ra2b2 g C2d2) "-sHczdzRaAbACAdi 
-\- oU^ita^bifg-'-^k''^ cid\ ^a2b2C2d2^azbzczdz^aAb4C4d4 

+ ■^DeDfRa^bigkD'^D-^R cidi'^o.2b2C2d2RazbzCzdzRa4,b4,C4,d4,], (5.40) 



where the normalisation has been chosen to agree with the convention in section |2.2| . This 
is to be added to the D^VJ^ term known from studying the four-graviton amplitude, 

5^67^4 = 8C(3)C(2)q'^ I ^W^^^^-4>^aibia2b2azbza4b4^c^^drC2d2CzdzC4d4 

X DeDfDgRaj^bicidiD'^D''D^Ra2b2C2d2Razb3CzdzRa4b4,C4,d4,- (5-41) 

We can now address the issue of the 'most appropriate' arrangement of derivatives in 
D^TZ^. Because, using ( |5.3D , we can exchange D^R terms for R^ terms, the 'correct' D^TZ^ 
term is an ill-defined concept and so 'most appropriate' can only refer to the number of 
terms. We seek the particular D^TZ'^ term which requires the fewest number of extra W^R^ 
terms. For example, perhaps D'^{DeDfRa^biC'idiD''DfRa2b2C2d2)RazbzczdzRa4b4C4d4 requires 
fewer extra terms than ( ^.41[ ). In other words, we ask whether some of the D'^R? terms in 
(5.40) can be rewritten as D^TZ^ terms. However, there is no obvious way this can be done. 



No group of terms has the correct form to be rewritten either as D^Rabcd or as DaDbRefcd-, 
and permuting indices on derivatives (i.e. considering DjU^R rather than DgDfR) leads 
to no obvious improvement. So we conclude that ( 5.41| ), the combination hinted at from 



the four-graviton amplitude, is the 'most appropriate' D^TZ'^ term, with the extra W^R^ 
terms given by ( ^.40| ). 
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5.6 Various Conjectures 

It is notable that the coefficient in front of the one-loop D^TZ^ term arising from a four- 
graviton calculation is identical to the coefficient in front of the one-loop D^R^ term arising 
from a five-graviton calculation. This is despite arising, at least superficially, from the 
expansion of totally different modular integrals. The same is also true at the two previous 
orders, where the coefficients for both the four- and five-graviton amplitudes vanish. It is 
quite plausible that this behaviour persists at tree-level, which leads to various conjectures 
for the five-graviton tree-level amplitude. In particular, using the expansion of the four- 



graviton tree- level amplitude [20|, we conjecture that the low-energy expansion of the 



equivalent five-graviton amplitude will be ]^C(5) at order a'^ and QgC(3)^ at order a'^ 
multiplied, in each case, by the same kinematic factor as at one-loop. 

Further, as reviewed in section p. 2.1 , for IIB string theory it is possible to extend 



the tree- and one-loop four-graviton results to all orders in the string coupling, even non- 
perturbatively, finding modular functions such as the non-holomorphic Eisenstein series 
■^3/2 (''") ^) • Since the one- loop terms in these series also match with the five-graviton am- 
plitude (at least up to order D^TZ^), a bold conjecture is that the same modular function 
that multiplies D^^TZ also multiplies the corresponding D'^^~^R^ term. This then allows 
various higher-loop five-graviton amplitude conjectures in IIB. Firstly, at order a'^, we 
conjecture no loop corrections above one-loop. Secondly, at order a'^, we expect a two- 
loop contribution but nothing higher. In particular, motivated by the two-loop coefficient 
in ( |2.30|) , we conjecture that the five-graviton two-loop amplitude contains a ^vr^ factor 
at this order. Finally, at order a'^, the two- and three-loop five-graviton amplitudes are 
conjectured to be non-zero, with the coefficients matching the four-graviton coefficients in 



( 2.32 ), and with all higher-order perturbative amplitudes vanishing. 

For IIB one can even go a step further and conjecture that the modular function in 
front of D^^R^ is not only the same as the function in front of D^^~'^R^, but is in fact quite 
universal and multiplies all terms at the same order. For example, at order a'^, perhaps 
the ^(3/2,3/2) (■'"i ^) which multiplies the D^TZ'^ term also multiplies the D'^R^, D^R^ and R^ 
terms. 

6. The eg eg Terms 

So far we have implicitly ignored terms in the amplitude involving eg tensors. These appear 
in the trace over four Rq factors, which can be written as the sum of an eg and sixty 6666 
terms as in (|2.5D, 

TriRfR^o'^Rl^R^o'') = ±-ef "'^"^^'^ - -6'"'6'"^6''36f^ + ■■■ 

— _^}_^abcdefgh ^abcdefgh /g ^-^ 

with the lb sign depending on the SO{8) chirality of the S fields. There is often ambiguity 
in the literature as to whether ig is defined as the whole expression or just as the sum 
of delta symbols, and we have so far avoided this issue. From now on we choose the 
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second definition, as in (|6.l| ). All effective actions written in previous sections should be 
interpreted in this way. The precise definition makes little difference for the four-graviton 
amplitude since the eg terms vanish due to momentum conservation. However, this is no 
longer true for the five-graviton case. 

The calculation of the full five-graviton amplitude including eg tensors proceeds exactly 
as in section 3A. Any occurrence of a ts tensor originates from a trace over four Rq 
tensors and so can more generally be replaced by ( |6.lD . The only non-trivial part involves 
checking that ([A.4|) continues to hold when tg is replaced by eg, which can be shown using 



( ]A.5| ). So, the full amplitude is given by ( 3.19| ) with tg everywhere replaced by zt^eg -|- : 



The arguments demonstrating modular invariance, gauge invariance and Bose symmetry 
proceed as before. 

Although the form of ( |3.19| ) is unchanged, certain terms simplify when ig is replaced 
by eg. In particular, the first three lines of ( p. 20 ) all vanish. This is easily seen if fci 



is replaced by — (/c2 + ^3 + ^4 + ^5), after which all but the final line contain vanishing 
k'^k'^e'g'"'''^'" factors. However, it will be economical to ignore these cancellations since then 
the results for tg tensors can be directly applied to eg tensors. 

After replacing the tgtg factor in ( 3.19| ) by (tg -|- ^eg)(tg ± ^eg), where the ± sign will be 



discussed below, three different tensor structures appear: igig, egtg and egcg. The egig terms 
must vanish since, if they were present, they would lead to terms in the effective action of the 
form eiQtgD'^R'^. Such terms, however, are odd under a spacetime parity transformation 
and so cannot be present in either the type HA or type HB theories. Checking this explicitly 
is quite involved since it requires understanding the expansions of the modular integrals 
to all orders in a' . At lowest order, however, it can be shown after a little work by using 
momentum conservation, ( [A.4| ) and ( |A.5| ). 

So, the amplitude reduces to (tgfg ± |egeg) multiplied by the usual kinematic factors 
and integrals. The egeg term is significantly simpler than the tgtg part as a consequence of 
the cancellations mentioned above, 



I 2 



where 



X ( Y. ^i^rs,T)A',, Y, V{Vrs,T)A',, + ^ A^,, r)i?;, J , (6.2) 

\r<s r<s r<s / 

A[2 = ki-k2 kl^kl^kl^ gaia2a363a4b4a565 (g 3) 



and 3^2 is as in ( 3.21 ) but with both tg tensors replaced by eg. Since A'^^ always involves 
a. kj. ■ ks factor, the potential pole from the Irs integral is always cancelled, and so A^h^^^^^ 
contains no massless poles. This is directly related to the fact that, although, as reviewed 
below, the effective action contains an eioeio^^ piece, this term does not lead to a four- 
graviton vertex and so pole diagrams analogous to figure ^a) are guaranteed to vanish. 

There is an issue with the sign of the egeg term relative to the tgtg term for both 
type HA and HB. For HB, S and S have the same 50(8) chirality and so the amplitude 
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contains a (tg ± ^^8){t8 i ^eg) -^ {tgis + ^eses) factor. Similarly, 5 and S have opposite 
chiralities in IIA and so the tensor structure is given by {ts±^es){t8T^^8) -^ (*8*8 — leses)- 
However, these cannot be the correct signs for the egeg parts. As discussed below, covariant 
calculations show that the flip of sign between IIA and IIB is correct, but that the IIA 
theory should have the plus sign and IIB the minus sign. The difference is presumably due 
either to some limitation of the light-cone gauge GS formalism (the same issue does not 
occur in the RNS approach) or to some unknown subtlety relevant to the eses terms. From 
now on we will assume that this problem has been resolved and present the egcg terms with 
the opposite signs, despite no direct understanding of this from the current formalism. 

Now that we have the egeg terms, we can ask whether they lead to new eiocio terms 
in the effective action and, if so, how they package together with the tg^s terms. First we 
review the known tgtg and eioCio terms. Both the tree-level and one-loop tgtsR^ terms were 
discovered using the four-graviton amplitude [^l|; they have identical kinematic structure 
in both IIA and IIB. However, such a calculation cannot reveal the presence of eioeio-R 
terms where, to be precise, 

p4 _ aibi--aib4mncidi--Cidir> RPR (P, A\ 

fclOtlO-'^ — ^10 mn ^10 ''^aibicidi''^a2b2C2d2''^a3b3C3d3''^a4,b4C4d4- l^-^/ 

At tree-level these terms where found by studying the four-loop beta functions of the sigma 



model world-sheet action E4, 45, 46, 47 1; again they were found to have identical structures 
for IIA and IIB. For the equivalent one-loop terms there are two famous calculations: 
fig] considers string theory compactified on a two-torus and calculates a five-point RNS 
amplitude involving four gravitons and a modulus field of T^; and [^] compactifies on a 
six-dimensional Calabi-Yau and calculates the three-graviton amplitude, again in the RNS 
formalism. Both find the same structure as at tree-level but with an important sign-flip 
for IIA. At one-loop in IIA there is also the eioigBR^ term found in |11|, which we ignore 



here. So schematically, suppressing the numerical coefficients, the IIB eff'ective action in 
Einstein frame is given by 



a'3 



[ d^\^^ ( e-i^tgtg + |eioeio)fi^^ + e^'^(tgtg + \eiQeiQ)R'') , (6.5) 

J ^ V '^ ^ V "^ 



tree 1— loop 



whereas the equivalent for IIA is 

^'3 / d^^x^/^ ( e-f^tgtg + |eioeio)fi^^ + e^^tgtg - |eioeio)fi^ ). (6.6) 

tree 1— loop 



a 



Of course, it is important that there is no sign flip between tree-level and one-loop in IIB 
since this would ruin the SL{2, Z) invariance. It will be possible, using the egeg terms of 
the flve-graviton amplitude, to conflrm both eioeio-R^ one-loop terms, and to determine 
the presence of certain higher-order terms, such as eioeio^^-R^ and eioCioD^R^. 

To flnd these terms we need to expand the one-loop eioCio-R^ term in small fluctuations 



about flat space and calculate the same diagrams as in section 5.4, but with igig vertices 



replaced by eioeio vertices. The only new tensor which must be expanded is eiocio- This 
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is easily achieved using 

eion.n"^'^-"^''^eio'""c.d....c4d4 = 2!8!(-l)^ 4r 5^i • • • ^I'j't (6-7) 

where s, the number of minuses in the signature, is 1 here. This will contain inverse metrics 
after all the c and d indices are raised. As with the tg tensor, we need to consider two 
different eioeio tensors: one formed out of the full metric, g, and one formed out of the 



Minkowski metric, rj. Analogously to ( 5.14 ), we distinguish the two by labelling the latter 
f 10^10- -^'^'^ comparison with (6^), we require the contribution from eioCio in light-cone 
gauge. Since k^ and /i"*"* are both zero in this gauge, the only non-zero contribution arises 
from m, n taking values -|-, — , leading to 



eioeio = 2!8!(-l)^ J^ ff ' • • • 9" ^ "Segeg, 



eiofio = 2!8!(-l)^ E ^'^ " " " ^'^ ^ "^^s^' (^.S) 

where the minus signs arise since the (+, — ) light-cone coordinates parametrize a space of 
Lorentzian signature^. Using (|5.7|) , the expansion of eioeio to first order in h can be shown 
to be 

aibi-'-a^b^ mncidi-'-c^dn r) aibi--a4b4 Cidi---C4d4 

^10 mn ^10 — > ~^i8 ^8 



_, /L ai ibi---a4b4 Cidi---C4d4 j^ , bi aii---a4b4 Cidi---C4d4 

"T V""* eg eg -\- iii eg tg 

+ . . . + ^.d4^lbl-a4b4^ld^-C4iy (g 9) 

If this is multiplied by the usual symmetries of R^ it simplifies to 

aibi--a4b4 mncidi---C4d4 r) aibi---a4b4 cidi--C4d4 

^lOmn ^10 -^ ~^^8 ^8 

_l_ Q(u a\ ib\--a4b4 c\di---C4d4 . i bi aii---a4b4 cidi---C4d4\ 
\ ^ — 8 — 8 ^ — 8 — 8 / * 

(6.10) 

It is notable how similar this is to the expansion of ^8*8- With a slight abuse of notation, 
the above can be represented as 

abcdefgh _^ abcdefgh _ 2/uaibcdefgh ,baicdefgh\ /g -. -, x 

which is a direct analogue of (5.16). 



Due to this similarity between the fgfg and eigeio expansions, the expansions of eioeio-R^ 
and eioeio-D^"i?^ are essentially identical to those for tgtg in sections 5.3.2 and 5.3.3| . How- 



ever, due to the extra antisymmetry of eio, there are further simplifications. In particular, 
the four-vertex from eioeio^?^ or eioeio-D^"-R^ expanded to lowest order vanishes since the 
eio version of ( 5.20| ) is a total derivative. Of course, the expansion to the next order does 



give rise to a non-trivial five- vertex, which is why the presence of eioeio-R^ and eioeioD^^i?^ 
can be studied using the five-graviton amplitude. 

Despite the fact that the four- vertex vanishes, the similarity between the tgtg and eioeio 
expansions makes it economical to ignore this fact so that the tgtg results of the previous 



^So, to be explicit, with all indices contracted, iio" iioa ■■ ~ —10! and tg eg^... = +8!. 
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section can be reused in almost unchanged form. In particular, the diagrams of section 5A 
are practically identical to the equivalent eioeio-R^ diagrams, simply with tg^s replaced by 
^eges- As a consequence, the matching of the amplitude with the effective action proceeds 
exactly as in sections |5.5.1[ - ^l534 . 



At order i?^ the analysis mirrors that in section 5.5.1 : the eges parts of the amplitude 
match with the eioCio-R^ effective action diagrams which, of course, they must since there 
are no conceivable terms to correct for a discrepancy. This confirms the presence of the 
eioeio-R^ term which previously had been detected from a covariant RNS calculation. As 
mentioned above, there is an unresolved issue since (|6.2|) appears to give the wrong sign 



for the one-loop eioeio parts of (p]a) and (3.6). At the next order the amplitude vanishes, 



implying the absence of both eiQeioD^R^ and eioeio-R^ terms. Recall that eioeio-R^ is short- 
hand for a pair of contractions between the eio tensors. Terms with only one contraction 
cannot be seen in the light-cone gauge, and terms with no contractions do not contribute 
to the five-graviton amplitude. At order D'^R'^ the amplitude again vanishes, showing that 
there are no eioeio-D^i?^ and no eioCio-D^-R^ terms. 

Finally, at order D^R^, the amplitude is non-zero and, as for the tgtg terms, requires 
both D^R^ and D^R^ terms in the effective action. The analysis proceeds as in section 
5.5.'J| , with the important Yl^w = identity continuing to hold for eg tensors as explained 



in appendix^. From ( 5.41| ), the equivalent eioeio-D^-R^ term is 



^ a\b\a2b2a-ib-i,anbimnc\d\C2d2Czd3C4^di 

= 10 mn ^10 



X UgUj-iJgRa^fjj^cidiJ-^ ^ J^ Ra2b2C2d2'^a3b3C3dsRa4,b4C4,d4- (O-l'^j 

If it is correct to resolve the IIA/IIB sign issue at order R'^ simply by swapping the signs, 
then it is likely that the same is also true at this order. So we postulate that the +/— sign 
applies to IIB/IIA respectively. Similarly, the eioeio-D^-R^ terms are given by ( p. 40 ) but 
with tgtg again replaced by ±|eioeio. 

So, in conclusion, in the same way that the usual one-loop t%t%R'^ term is replaced by 
(tgts ± |eloelo)i^^ the higher order terms studied here - L>2^^ i^^ D^i?^, D'^R^, D^R'^, 
W^R^ - require the same modification. This leads to the obvious conjecture that one-loop 
tgtg and eioCio tensors always appear in the combination (tgtg it |eioeio) at all orders. Of 
course, there are likely to be other eioCio terms with fewer contractions between the epsilon 
tensors, but these cannot be analysed with this formalism. It is also natural to speculate 
that the tree-level Z)^"i?^, R^ and D^^R^ terms may appear multiplied by the combination 
(tgtg -|- geiocio) for both IIA and IIB, as is the case for i?^. 

7. Conclusions 

We considered the one-loop five-graviton amplitude in type II string theory expanded up 
to order D^R and inferred various consequences for the effective action. In particular, we 
determined the exact form of the one-loop D'^^R^ terms and whether new R^ and D^^R^ 
corrections are required. 
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Using the light-cone gauge it is not possible to determine all terms. In particular, eiocio 
terms with fewer than two contractions, such as ( |1.2D , will always be missed. However, all 
other terms should be visible. Since D^Rabcd can be exchanged for a sum of R^ terms as 
in ( |5.3D , there is often ambiguity in the precise meaning of D^^R"^. To avoid confusion we 
write all terms using the maximum possible number of Riemann tensors, so that D^^R^ 
refers to all D^^R"^ terms which cannot be rewritten using more Riemann tensors. 

At order a'^ relative to the Einstein-Hilbert term, it was found that no D^R'^ (which 
can be rewritten as a particular sum of R^ terms) or other R^ terms are required. At the 
next order, we confirmed the vanishing of D^R at one-loop, which was already known 
from the four-graviton amplitude, and showed the absence of D^R^ terms. 

Up to this order no R^ or D^^R^ terms are required. However, at order a'^ the D^R'^ 
term is not sufficient to account for the five-graviton amplitude: new D'^R? terms are 
needed. It was found that the most economical definition for D^R^ is as in ( p. 41 ), with 
the additional D'^R^ terms given by ( |5.40| ). 

The famous tstgR'^ term is extended in more complete treatments to {tsts±^eioeio)R'^, 
with -|- for IIB and — for IIA. Modulo the issue below, we were able to confirm this structure 
at order R'^ and show that it extends to higher orders: all the terms studied here - D^R'^, 
R^, D'^R'^, D^R^, D^R'^, D^R^ - were found to have the same behaviour, with all non- 
zero terms being multiplied by a {tstg ± |eioeio) factor. However, there is an unresolved 
issue relating to the sign of the eiocio term. For both IIA and IIB, the light-cone gauge 
GS formalism seems to predict the opposite sign to that which is known to be true from 
covariant RNS calculations and from S'L(2,Z) considerations in type IIB. 

It is striking that, up to order D^R^, the coefficient in front of the D^'^~^R^ term 
matches with the coefficient in front of the D^'^R'^ term. This leads to various five-graviton 
tree-level conjectures which involve the same kinematic structure as at one-loop but with 
coefficients from the tree-level four graviton expansion. For IIB these conjectures can be 
extended to all orders (even non-perturbatively): perhaps the modular function in front of 
^2n^4 g^^gQ appgai-g in front of D^^^^R^. In fact this modular function may be universal 
for all terms at the same order, not just L»2n^4 ^^^ jjin-2^5^ ^^^ ^i^^ Z)2"-4^6^ D'^'^-^R'^, 
and so on. It would be useful to study amplitudes involving more gravitons in order to test 
this. 
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A. Relationships Between tio, tio and tg Tensors 

In addition to the usual eight-index ig tensor encountered in the four-graviton amplitude, 
two new ten- index tensors, tio and iio, appear in the five-graviton amplitude. These can 
both be written as sums of (5tg tensors, tio appears when the S trace involves eight zero 
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modes and two non-zero modes, and can be rewritten using tg ^ 

^abcdefghij _ _^ad^bcefghij _ ^ac^dbefghij _ ^bc^adefghij _ ^bd^caefghij /^ ^^ 

10 8 8 8 8 * V * / 

From the symmetry of ig, it is easy to show that i^Q ^"''^ ^"' is antisymmetric under switching 
a^ with 6j., antisymmetric under switching (ai,6i) with (02,62), and symmetric under 
switching (os,6s) with {at,bt) for {s,t} £ {3,4,5}. 

The tio tensor arises as the trace over five Rq^ tensors, (3^), and can be expressed 
using tg as 



no 



_|_ xa2a4j.aia3a5a6a7agagaio ';aiaej.a20.50.3<^4,o-7ag,agaio ^0205 j.aia6a3a4a7a8a9aio 

8 8 8 

_l_ i:aia5 j.a2aea3a4a7asagaio , i:a2a(ij.aia5a:ia4a7asagaio _ i:aiasj.a2arasa4a5a6agaio 

_ i:a2a7 j.aiasa3a4a5a6agaio , i:aia7 j.a2asa3a4a5a(ia<jaio , ^0208^111170304050609010 

_ raioioj.0209030405060708 _ (^0209^010100304050607(18 _|_ rOiO9j.O2Oi0O3O4O5O6O7O8 

_|_ irO2Oi0j.OiO9O3O4O5O6O7O8 _ rO3O6j.O4O5OiO2O7O8O9Oi0 _ ^0405 j.O3O(;OiO2O7O8O9Oi0 

8 8 8 

_|_ XO3O5^O4O6OiO2O7O8O9Oi0 _|_ ^0406^.03050102070809010 _ £0308^.04070102050609010 

r04 07 ^03080102050609010 _|_ (rO3O7j.O4O8OiO2O5O6O9Oi0 _, £0408^.03070102050609010 

irO3Ol0J.O4O9OiO2O5O6O7O8 £0409 J.O3O10O1O2O5O6O7O8 _|_ rO3O9j.O4Oi0OiO2O5O6O7O8 

8 8 8 

_|_ rO4Oi0j.O3O9OiO2O5O6O7O8 _ eO5O8j.O6O7OiO2O3O4O9Oi0 _ r0607 J.O5O8O1O2O3O4O9O10 

8 8 8 

_|_ ^0507^06080102030409010 _j_ ra608 J.O5O7O1O2O3O4O9O10 r050io J.O6O90102030407O8 

_ XO6O9 ^05010010203040708 _|_ rO5O9j.O6Ol0OlO2O3O4O7O8 _, r060io J.O5O9O1O2O3O4O7O8 

rO7Oi0j.O8O9OiO2O3O4O5O6 r0809 J.O7O10O1O2O3O4O5O6 _, £0709 J.O8O10O1O2O3O4O5O6 

8 8 8 

_|_ eO8Oi0j.O7O9OiO2O3O4O5O6 /A n") 

from which it is clear that t^Q ^'""^ ^ is antisymmetric under a,, •s-^ br- 

These tensors satisfy two important identities, both first discovered in [50|. The first 
relates the two ten-index tensors by 

n,abcdefghij rabcdefghij _. rabefcdghij _. vabghcdefij _. rabijcdefgh _, rcdefabghij 

^''10 ~ ''10 + ''lO + ''10 + ''10 + ''lO 

1^ Tcdghabefij j^ rcdijabefgh j^ refghabcdij ^^ refijabcdgh ^^ rghijabcdef { \ 'i\ 

-+■ tiQ + Elo + '•lO + ''10 + '-10 ' 1^"JJ 



which is easily shown using (|A.2|) and (A.l 



The second involves only the tio tensor, 

rabcdefghij , rabefcdghij rabghcdefij rabijcdefgh _ p, ( \ A\ 

f^lO +^10 +''10 "'"''10 —'J' {-^■'^) 

which is equivalent to the vanishing of a particular sum of sixteen Jig tensors. The proof 
proceeds in two parts: the proof for the sixty 5656 terms in tg and the proof for the eg 
term. In the first case the identity becomes a sum of 16 x 60 56565 tensors which cancel out 
in pairs. The proof for the e terms is less obvious, but follows from the eight-dimensional 
version of the two-dimensional identity (jobbed _j_ ^oc^db _|_ jod^bc _ g^ This is easily seen to be 
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true since it is manifestly antisymmetric in b, c and d. Equivalently, it expresses the fact 
the there are no non-vanishing three-forms in two dimensions. Finahy, it can be understood 
as showing that three vectors in two dimensions are necessarily linearly dependent. The 
eight-dimensional version |5C] reads 



^ab^cdefghij . ^ac^defghijb ^ad^efghijbc ^l,^^. 



fghijbcd 



ixaghijbcdef mh ijbcdefg mi jocaejgn mj oi^uej gm _ q 



jbcdefgh 

^8 



_|_ gaf^ghijbcde 
J bcdefghi 



and, if applied twice, readily verifies ([A.4|) for the eg tensors 



(A.5) 



References 



A. Strominger, "Loop corrections to the universal hypermultiplet," Phys. Lett. B421 (1998) 



[6] 

[7] 



[10" 



[11 



[12 



[13 



[14 



139-148, |hep-th/9706195 . 

I. Antoniadis, R. Minasian, S. Theisen, and P. Vanhove, "String loop corrections to the 



universal hypermultiplet," Class. Quant. Grav. 20 (2003) 5079-5102, hep-th/0307268 



S. S. Gubser, I. R. Klebanov, and A. A. Tseytlin, "Coupling constant dependence in the 
thermodynamics of N = 4 supersymmetric Yang-Mills theory," Nucl. Phys. B534 (1998) 
202-222, |hep-th/9805154 



J. H. Brodie and M. Gutperle, "String corrections to four point functions in the AdS/CFT 



correspondence," Phys. Lett. B445 (1999) 296-306, tiep-th/9809067 



T. Mohaupt, "Black hole entropy, special geometry and strings," Fortsch. Phys. 49 (2001) 



3-161, tiep-th/0007195. 



P. Kraus, "Lectures on black holes and the AdS(3)/CFT(2) correspondence," 



hep-th/0609074 



A. Castro, J. L. Davis, P. Kraus, and F. Larsen, "String Theory Effects on Five-Dimensional 



Black Hole Physics," 0801 . 1863 



J. G. Russo and A. A. Tseytlin, "One-loop four-graviton amplitude in eleven-dimensional 



supergravity" Nucl. Phys. B508 (1997) 245-259, |hep-th/9707134 . 

M. B. Green, M. Gutperle, and P. Vanhove, "One loop in eleven dimensions," Phys. Lett. 



B409 (1997) 177-184, |hep-th/9706175 , 

T. Banks, "Landskepticism or why effective potentials don't count string models," 



hep-th/0412129 



C. Vafa and E. Witten, "A One loop test of string duality," Nucl. Phys. B447 (1995) 
261-270, |hep-th/9505054 



D. J. Gross and J. H. Sloan, "The Quartic Effective Action for the Heterotic String," Nucl. 
Phys. B291 (1987) 41. 

K. Peeters and A. Westerberg, "The Ramond-Ramond sector of string theory beyond leading 
order," Class. Quant. Grav. 21 (2004) 1643-1666, |hep-th/0307298| . 



M. B. Green, M. Gutperle, and H.-h. Kwon, "Sixteen fcrmion and related terms in M-theory 
onT**2," Phys. Lett. B421 (1998) 149-161, ^p-th/9710151 . 



45 



[15] 
[16] 

[17] 

[18] 

[19] 

[20] 

[21] 

[22] 

[23] 
[24] 

[25] 

[26] 

[27] 

[28] 

[29] 

[30] 

[31] 

[32] 

[33] 

[34] 



M. B. Green and J. H. Schwarz, "Supersymnietrical Dual String Theory. 2. Vertices and 
Trees," Nud. Phys. B198 (1982) 252-268. 

M. B. Green, J. H. Schwarz, and E. Witten, "Superstring Theory. Vol. 2: Loop Amplitudes, 
Anomalies and Phenomenology," . Cambridge, Uk: Univ. Pr. ( 1987) 596 P. ( Cambridge 
Monographs On Mathematical Physics). 

E. D'Hoker and D. H. Phong, "Momentum analyticity and finiteness of the one loop 



superstring amplitude," Phys. Rev. Lett. 70 (1993) 3692-3695, tiep-th/9302003 



E. D'Hoker and D. H. Phong, "Dispersion relations in string theory," Theor. Math. Phys. 98 



(1994) 306-316, |hep-th/9404128 . 

E. D'Hoker and D. H. Phong, "The Box graph in superstring theory," Nucl. Phys. B440 



(1995) 24-94, [hep-th/9410152 . 

M. B. Green and P. Vanhove, "The low energy expansion of the one-loop type II superstring 



amplitude," Phys. Rev. D61 (2000) 104011, |hep-th/9910056 . 

D. J. Gross and E. Witten, "Superstring Modifications of Einstein's Equations," Nucl. Phys. 
B277 (1986) 1. 

M. B. Green and P. Vanhove, "Duality and higher derivative terms in M theory," JHEP 01 



(2006) 093, |hep-th/0510027 



E. D'Hoker and D. H. Phong, "Lectures on two-loop superstrings," hep-th/0211111 



E. D'Hoker and D. H. Phong, "Two-loop superstrings. V: Gauge slice independence of the 



N-point function," Nucl. Phys. B715 (2005) 91-119, piep-th/0501196 . 

E. D'Hoker and D. H. Phong, "Two-loop superstrings. VI: Non-rcnormalization theorems and 



the 4-point hmction," Nucl. Phys. B715 (2005) 3-90, liep-th/0501197 



E. D'Hoker and D. H. Phong, "Two-Loop Superstrings VII, Cohomology of Chiral 
Amplitudes, 



0711.4314 



N. Berkovits, "Multiloop amplitudes and vanishing theorems using the pure spinor formalism 



for the superstring," JHEP 09 (2004) 047, tiep-th/0406055 



M. B. Green and M. Gutperle, "Effects of D-instantons," Nucl. Phys. B498 (1997) 195-227, 



hep-th/9701093 



M. B. Green and P. Vanhove, "D-instantons, strings and M-thcory," Phys. Lett. B408 (1997) 
122-134, |hep-th/9704144 



M. B. Green and S. Sethi, "Supersymmetry constraints on type IIB supergravity," Phys. Rev. 



D59 (1999) 046006, tiep-th/9808061 



M. B. Green, H.-h. Kwon, and P. Vanhove, "Two loops in eleven dimensions," Phys. Rev. 



D61 (2000) 104010, |hep-th/9910055 



E. D'Hoker, M. Gutperle, and D. H. Phong, "Two-loop superstrings and S-duality," Nucl. 



Phys. B722 (2005) 81-118, |hep-th/0503180 . 

Z.-J. Zheng, J.-B. Wu, and C.-J. Zhu, "Two-loop superstrings in hyperelliptic language. I: 



The main results," Phys. Lett. B559 (2003) 89-98, |hep-th/0212191 . 

Z.-J. Zheng, J.-B. Wu, and C.-J. Zhu, "Two-loop superstrings in hyperelliptic language. II: 
The vanishing of the cosmological constant and the non- renormalization theorem," Nucl. 



Phys. B663 (2003) 79-94, hep-th/0212198 



46 



[35] Z.-J. Zheng, J.-B. Wu, and C.-J. Zhu, "Two-loop superstrings in hypcrcUiptic language. Ill: 
The four-particle amplitude," Nud. Phys. B663 (2003) 95-122, |iiep-th/02122ig| . 



[36] P. H. Frampton, Y. Kikuchi, and Y. J. Ng, "Modular Invariance in Closed Superstrings," 
Phys. Lett. B174 (1986) 262. 

[37] C. S. Lam and D.-X. Li, "Modular Invariance and One Loop Finiteness of Five Point 
Amplitudes in Type II and Heterotic String Theories," Phys. Rev. Lett. 56 (1986) 2575. 

[38] M. B. Green, J. H. Schwarz, and E. Witten, "Superstring Theory. Vol. 1: Introduction,". 
Cambridge, Uk: Univ. Pr. ( 1987) 469 P. ( Cambridge Monographs On Mathematical 
Physics). 

[39] J. L. Montag, "The one loop five graviton scattering amplitude and its low-energy limit," 



Nucl. Phys. B393 (1993) 337-360, hep-th/9205097 



[40] B. S. DeWitt, "Quantum theory of gravity. III. Applications of the covariant theory," Phys. 
Rev. 162 (1967) 1239-1256. 

[41] S. Sannan, "Gravity as the Limit of the Type II Superstring Theory," Phys. Rev. D34 (1986) 
1749. 

[42] S. Frolov, I. R. Klebanov, and A. A. Tseytlin, "String corrections to the holographic RG flow 
of supersymmetric SU(N) x SU(N+M) gauge theory," Nucl. Phys. B620 (2002) 84-108, 



hep-th/0108106 



[43] M. T. Grisaru, D. I. Kazakov, and D. Zanon, "Five Loop Divergences for the N=:2 
Supersymmetric Nonhnear Sigma Model," Nucl. Phys. B287 (1987) 189. 

[44] M. T. Grisaru, A. E. M. van de Ven, and D. Zanon, "Four Loop beta Function for the N=l 
and N=2 Supersymmetric Nonlinear Sigma Model in Two-Dimensions," Phys. Lett. B173 
(1986) 423. 

[45] M. T. Grisaru and D. Zanon, "Sigma Model Superstring Corrections to the Einstein- Hilbert 
Action," Phys. Lett. B177 (1986) 347. 

[46] M. D. Freeman, C. N. Pope, M. F. Sohnius, and K. S. Stelle Phys. Lett. B178 (1986) 199. 

[47] Q.-H. Park and D. Zanon, "More on Sigma Model Beta Functions and Low-Energy Effective 
Actions," Phys. Rev. D35 (1987) 4038. 

[48] E. Kiritsis and B. Pioline, "On R**4 threshold corrections in type IIB string theory and (p,q) 



string instantons," Nucl. Phys. B508 (1997) 509-534, ^iep-th/9707018 



[49] I. Antoniadis, S. Ferrara, R. Minasian, and K. S. Narain, "R**4 couplings in M- and type II 



theories on Calabi-Yau spaces," Nucl. Phys. B507 (1997) 571-588, liep-th/9707013. 



[50] P. H. Frampton, P. Moxhay, and Y. J. Ng, "Explicit Evaluation of Pentagon Diagram for 
Open Superstrings," Nucl. Phys. B276 (1986) 599. 



47 



